CS 228 (M) - Logic in CS

Tutorial Il - Solutions

Ashwin Abraham

IIT Bombay

16th August, 2023

Ashwin Abraham 2023 1/12



Table of Contents

© Question 1
© Question 2
© Question 3
@ Question 4
© Question 5

O Question 6

Ashwin Abraham 2023 2/12



We abuse notation and use P to also refer to the set of axioms of P. For
any formulae A, B of P, we have (A = B) € P.

Let p be a propositional variable of P, and choose A= pV —p, and let B
be 1. We shall show that £+ L, ie that £ is inconsistent.
Proof:

Q@ L+ (pV-p) = L (Premise)
@ L pV —p (Excluded Middle)

@ LF L (Modus Ponens on 1, 2)
O
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We assume the set of all connectives is {T, L,—, AV, = }.
To show that a subset of these connectives is adequate, we need to prove
that for every formula constructed from the original set of connectives
there is an equivalent formula constructed from the connectives in the
subset. This can be proven via structural induction over the formulae.
@ To show that {—, A} is adequate, we proceed by structural induction.
Base Case:
We have T=—=(pA-p), L=pA-p, and p=p
Inductive Steps:
Say ¢ and v are formulae constructed from the original set of
connectives that have equivalent formulae that use only = and A. Let
these equivalent formulae be ¢’ and 1)’ respectively.

We shall show that every formula constructed from ¢ and 1) have
equivalent formulae that use only = and A.

o —p =y

o pNp = AY

o 9V = (=g A )

o o = 1 =-(p A=)

Ashwin Abraham 2023 4/12



Since ¢’ and v’ contain only — and A, the formulae on the RHS also
contain only — and 7/, and therefore the induction step is completed.
Therefore, every formula can be rewritten into an equivalent formula that
uses only — and A.

O
To show that {—, = } and { =, L} are also adequate sets we follow a
similiar method. The equivalences that we will use are:

o T=p=np

L=-(p = p)

PpAY=(p = )

eV =(np = 9)

—p=(p = 1)

pANY=([p = (¥ = L) = 1)
VY =(lp = 1] = v)

[]®© © ¢ © ©
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@ We shall show that for any C C{T,L,—,A,V, =}, if L ¢ C and
— ¢ C, then C cannot be adequate (This is equivalent to proving that
if C is adequate then it contains either = or ).

Before this, notice that if C C C' C{T,L,-,A,V, = } andif C is
adequate, then clearly C’ is adequate too. So we shall prove the
above statement by showing that {T,A,V, = } is not adequate.
We shall do this by showing that no formula made out of these
connectives is equivalent to L.

Lemma:

For any formula made out of {T,A,V, = }, setting all the
propositional variables to 1 always results in the overall formula
having a truth value of 1.

Note that this immediately shows that no formula constructed only
out of {A,V, = } can be equivalent to L.

We shall prove this lemma via structural induction.
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Base Case:
If the formula just consists of a single propositional variable p or is just T,
the result clearly follows.
Inductive Step:
Say ¢ and v are formulae constructed only with {T,A,V, = } and
setting all the propositional variables to 1 results in the truth values of
both ¢ and 1 being 1. The formulae we can construct from ¢ and v are
WA, oV and ¢ = 1. If we set all propositional variables to 1, then
by the inductive hypothesis, the truth value of ¢ and v also become 1,
and it can be seen that the truth values of the new formulae are also 1.
Therefore, by structural induction, the lemma is proven and with it we
have proved that {T,A,V, = } is inadequate.

O
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The following equivalences (which can be verified via truth tables) imply
that | (NAND) is complete, ie it can express all binary connectives.

Q@ prhg=(pla)llplaq)
Q@ pvg=(plp)l(gla)
Q@p = qg=pl(glq)

] can also express the unary and nullary connectives (- and L)
respectively:

Q@ p=plp
@ T=pl(plp)
Q@ L=(plip)ipli(plp)

We can show, via structural induction, that a subset of connectives can
express all connectives (not just binary ones) iff it is adequate.
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The truth table for @ is as follows:

We will show by structural induction that any formula ¢ constructed from
two propositional variables (say p, g) will have an even number of 1s in its
truth table. This means a formula like p A g that has an odd number of 1s
in its truth table cannot be expressed via @, ie @ is not completel.

Base Case:

T, L, p and q all have an even number of 1s in their truth tables.

1We will prove something stronger, as our proof will also allow T, L to be used - we
prove {®, T, L} is neither complete nor adequate
Ashwin Abraham 2023 9/12



Inductive Step:
Say ¢ and 1 are formulae formed with @. By the inductive hypothesis,
they have an even number of 1s in their truth tables. Let's say ¢ and ¢
are both 0 in / places, are both 1 in j places, ¢ is 0 and ¢ is 1 in k places
and ¢ is 1 while ¢ is 0 in / places. By the inductive hypothesis, j + k and
Jj + I are even. Therefore, their sum, 2j 4+ k 4 / is even, which means k + /
is also even. By truth table, ¢ @1 is 1 in k + | places, and therefore its
truth table also has an even number of 1s.
Therefore, any formula formed this way has an even number of 1s, and
hence @ is not complete?.

O

2As homework, you can show that all formulae whose truth tables contain an even
number of 1s can be expressed with {T, L &}
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First, we will show that satisfiablility implies consistency, ie if F is

satisfiable (= F), then it is consistent (F ¥ ).

Assume, this was not the case and there exists an assignment « such that

a = F and F I L. Since our Formal Proof System is sound®, we have

F = L, and therefore, we have an assignment « such that o |= L, which

is not possible! Therefore, satisfiablility implies consistency.

Now, we will show the reverse, ie if F is consistent (F ¥ L) then it must

be satisfiable (j= F). Since our Formal Proof System is complete*, we

have F ¥ L, ie there exists an assignment « such that & = F and a ¥ L.

The latter is always true, but the former shows that F is satisfiable (= F).
O

3The proof of this can be found here
4The proof of this can be found here
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https://piazza.com/class_profile/get_resource/ll2d94w5rycho/lla32qmdpsv5f6
https://piazza.com/class_profile/get_resource/ll2d94w5rycho/lldbfyq5cfj16r

We know that F is inconsistent, ie F F L

© By the previous result, 7 must be unsatisfiable, ie for all assignments
a, a ¥ F. Now, F can be written as F¢c U G, ie Va,a ¥ Fg U G,
which can be rewritten as Va, =(a |= Fg) Va ¥ G. This can be
further rewritten as Vo, = F6 = «a | =G, which is the
definition of F¢ = —G. Now, since the Formal Proof System is
complete, this also means that Fg - —G.
O
@ o0 FsU{G}F L (Premise)
® F¢F —G (- introduction on 1)
O
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