Solutions to Tutorial Sheet 5

(1) (i) foly dr = fol(l +x—2y/x) dx = é
(i) 2 [(22% — (a* — 22?)) do = 2 [ (4a® — 2*) dow = 1B
(ii)) 7By —y?— (3—y)) dy = [ (4y —y* — 3) dy =

(2) fol_a(:c — 2% —ax) dv = 01—a<(1 —a)r — 2?%) dx = 4.5 gives % = 4.5 so that

a=—2.

(3) Required area = 2 x foﬂ/3 $(r3 —ri)df = 4a® fOW/S(S cos? 0 —2cos—1)df = 4dma®.

(4) (i) Length = /0 ’ \/(1 — cos(t))? + sin?(¢)dt = /0 ' 2| sin(t/2)|dt = 4 [ | sin(u)|du = 8.
/4 /4
(ii) Length = / V1+y?de = / V1 + cos(2z)dx = ﬂfoﬂﬂ | cos(x)|dx = 1.

dy 1

Therefore,

3 3 3
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e /1 (x +4x2) ‘ [3 4331 6

The surface area is

(6) The diameter of the circle at a point z is given by

(8 —2?) —2?, —2<1<2



So the area of the cross-section at x is A(z) = 7(4 — z?)2. Thus

2 2
a9l
Volume = / (4 — $2)2d17 - 27r/ (4 — 2*)’dz = _151
i 0

(7) In the first octant, the sections perpendicular to the y-axis are squares with
Ueeiyor=ft, O ya‘—p Doy

Since the squares have sides of length \/a? — y2, the area of the cross-section

at y is A(y) = 4(a*® — y*). Thus the required volume is

. s 16a3
/ Ay)dy = 8/ (@° ~ )iy = &
0

—a
(8) Let the line be along z-axis, 0 < z < h. For any fixed z, the section is a square of

. . on
area r2. Hence the required volume is fo rédz = rh.

(9) Washer Method
Area of washer = m(14y)? = n(1 + (3 — 2%))? = 7(4 — 2%)? so that
Volume = f_22 7(4 — 2?)*dz = 5127 /15.
(This is the same integral as in (6) above).
Shell method

Area of shell = 27(y — (—1))2z = 47 (1 + y)/3 — y so that
3
Volume = / 4m(l 4+ y)+/3 — ydy = 5127 /15.
9

(10) Washer Method

Required volume = Volume of the sphere -Volume generated by revolving the
aveund He y-amis i
shaded regiony= 327/3 — [[_, mady — m(v/3)?2] = 32rr/3 — 27r{f01(4 —y?)dy —

3] = 32n/3 — 2x[11/3 — 3] = 287/3




Shell Method

Required volume = Volume of the sphere -Volume generated by revolving the
sl the Y-aus

shaded region/\z 327/3 — fjg 2rz(2y)de = 82x/3 — 4n fjgw\/él iy =
32m/3 — 4n(1/3) = 287 /3
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