
Solutions to Tutorial Sheet 5

(1) (i)
∫ 1

0
y dx =

∫ 1

0
(1 + x− 2

√
x) dx = 1

6

(ii) 2
∫ 2

0
(2x2 − (x4 − 2x2)) dx = 2

∫ 2

0
(4x2 − x4) dx = 128

15

(iii)
∫ 3

1
(3y − y2 − (3− y)) dy =

∫ 3

1
(4y − y2 − 3) dy = 4

3

(2)
∫ 1−a
0

(x− x2 − ax) dx =
∫ 1−a
0

((1− a)x− x2) dx = 4.5 gives (1−a)3
6

= 4.5 so that

a = −2.

(3) Required area = 2×
∫ π/3
0

1
2
(r22 − r21)dθ = 4a2

∫ π/3
0

(8 cos2 θ−2 cos θ−1)dθ = 4πa2.

(4) (i) Length =

∫ 2π

0

√
(1− cos(t))2 + sin2(t)dt =

∫ 2π

0

2| sin(t/2)|dt= 4
∫ π
0
| sin(u)|du = 8.

(ii) Length =

∫ π/4

0

√
1 + y′2dx =

∫ π/4

0

√
1 + cos(2x)dx=

√
2
∫ π/4
0
| cos(x)|dx = 1.

(5)
dy

dx
= x2 +

(
− 1

4x2

)
.

ds

dx
=

√
1 +

(
dy

dx

)2

=

√
1 + x4 +

1

16x4
− 1

2
= x2 +

1

4x2
.

Therefore,

Length =

∫ 3

1

(
x2 +

1

4x2

)
dx =

[
x3

3
− 1

4x

]3
1

=
53

6
.

The surface area is

S =

∫ 3

1

2π(y + 1)
ds

dx
dx =

∫ 3

1

2π

(
x3

3
+

1

4x
+ 1

)(
x2 +

1

4x2

)
dx

= 2π

[
x6

18
+
x3

3
+
x2

6
− 1

32x2
− 1

4x

]3
1

.

(6) The diameter of the circle at a point x is given by

(8− x2)− x2, −2 ≤ x ≤ 2.

1
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So the area of the cross-section at r is A(") -- T(4 - r2)2. Thus

volume : [" ne - r2)2d,r : zn [' g - r2)2d,r :'!.?" .
J-z 

'  '  Jo '  '  15

(7) In the first octant, the sections perpendicular to the y-axis are squares with

A  < r < t / i l - a r ,  0 (  r S t / o \ - a r ,  0 <  y < a .

Since the squares have sides of length Jo' - A', the area of the cross*section

at y is A(il :4(o' - g2). Thus the required volume is

[" o@)or: s [" @' - a\d, 
r1as

J - a  
' -  -  

J o ' *  
v  ) * a :  t  

'

'(8) Let the iine be along z-axis, 0i-2 ( h. For any fixed z,lhesection is a square of

area 12. Hence the required volurne is fi r2d,z : r2h.

(9) Washer Method

Area of washer : r(r + i l2 : r(!+ (3 - r ')), : r(4 -r2)2 so that

Volume : I!r?r(4 - r2)2d,r : 572tr lll.

(This is the same integral as in (6) above).

Shell method

Area of shell : 2"(a - (I))2r : 4n(I + a)\/T - y so that

y3
Volume : 

J _rLtr(L 
+ il\F - Aa,U : 5I2rlI5.

(10) Washer Method

Required volume : Volume of the sphere -Volume generated by revolving the
qtou4d tL.l-eo,is

shaded regiontr: 32tr l3 - t/j, rr2dy - 
"(\/3)'21 

: 32n 13 - 2rt[: @ - A2)d.a -

3l : 32r 13 - 2rlLIls - 3l : 28r l3



Shell Method

Required volume : volume of the sphere -volume generated by revolving the
atrprl thV-atis -

shaded regiop 32nl\ - Ik2trr(2y)d"r : 32n/Z - q" fkrt/ -Fd,r :

32tr l3 - anQlS) :28n13
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