Solutions to Tutorial Sheet 6

(1) () {(z,y) eR* | @ # £y}

(i)

RQ - {(O’ O)}

(2) (i) A level curve corresponding to any of the given values of ¢ is the straight line

(i)

(iii)

xr —y = c in the zy-plane. A contour line corresponding to any of the

given values of ¢ is the same line shifted to the plane z = ¢ in R3.

Level curves do not exist for ¢ = —3,—2,—1. The level curve corre-
sponding to ¢ = 0 is the point (0,0). The level curves corresponding
to ¢ = 1,2,3,4 are concentric circles centered at the origin in the xy-
plane. Contour lines corresponding to ¢ = 1,2, 3,4 are the cross-sections
in R? of the paraboloid z = 22 4+ ¢ by the plane z = ¢, i.e., circles in the

plane z = ¢ centered at (0,0, ¢).

For ¢ = —3,—2,—1, level curves are rectangular hyperbolas xy = c¢
in the zy-plane with branches in the second and fourth quadrant. For
c = 1,2,3,4, level curves are rectangular hyperbolas zy = ¢ in the xy-
plane with branches in the first and third quadrant. For ¢ = 0, the
corresponding level curve (resp. the contour line) is the union of the z-
axis and the y-axis in the zy-plane (resp. in the zyz-space). A contour
line corresponding to a non-zero c is the cross-section of the hyperboloid
z = zy by the plane z = ¢, i.e., a rectangular hyperbola in the plane

Z = C.

(3) (i) Discontinuous at (0,0). (Check lim  f(x,y) using y = ma?).

(i)

(z,y)—(0,0)

Continuous at (0,0) :



) 2 2

xr° +
$2+y2

T
$2+y2

< |zy|

= |zy|.

(iii) Continuous at (0,0) :

[f (@, y)] < 2(Jz + [y]) < 4v/a? + 92

(4) (i) Use the sequential definition of limit: (z,,y,) = (a,b) = x, — a and y,, —
b = f(zn) = f(a) and g(yn) = g(b) == [f(zn) 9(ya) = f(a) £ g(b)
by the continuity of f, ¢ and limit theorems for sequences.

(i) (zp,yn) — (a,0) = z, > aandy, b = f(z,) — f(a) and g(y,) —
g(b) = f(zn)9(yn) — f(a)g(b) by the continuity of f,g and limit the-

orems for sequemnces.

(iii) Follows from (i) above and the following:

min{ f(z), gly)} = L FIW) _ [1(@) = 9(y)|.

2 2
mas((x). (9)) = L 90 | V@ — 9]

(5) Note that limits are different along different paths: f(x,z) = 1 for every x and

f(z,0)=0.
(6) (i) f2(0,0) = 0= £,(0,0).
(i)
£2(0,0) = }%w _ }ZE%Si;rj—;(L?)

does not exist (Left Limit # Right Limit). Similarly, f,(0,0) does not

exist.

(7) |f(z,y)| < 2* +y* = f is continuous at(0,0).

It is easily checked that f,(0,0) = £,(0,0) = 0.
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Now,

1 1 1
fe =22 <sin( 5 2)— 5 2COS(—2 2))
e +y e +y e +y

The function 2z sin ( ) is bounded in any disc centered at (0,0),

1
x2+y2
. 2x 1 ) : .
while ——— cos [ ——— | is unbounded in any such disc.

.1;2 + y2 fL'2 + y2

(To see this, consider (z,y) = <\/+T7r, 0) for n a large positive integer.)

Thus f, is unbounded in any disc around (0, 0).

— 1
f(1,0) = /(0,0) = lim sin — does not exist. Similarly f,(0,0) does
h h—0 h

(8) £2(0,0) = lim

not exist. Clearly, f is continuous at (0, 0).

9) (i) Let @ = (a, b) be any unit vector in R2. We have
( y

_, h2ab aszz
@:hmwzhm#:o

(Dsf) (0,0) = lim

h—0 h h—0

Therefore (Dyzf) (0,0) exists and equals 0 for every unity vector v € R?,
For considering differentiability, note that f,(0,0) = (D;f) (0,0) =0 =
£4(0,0) = (D;£) (0,0). We have then

i (A R) = f(0,0) — hfe(0,0) = k£ (0,0)] _ . [hk(R? — K]
(h,k)—(0,0) Vh? + k? (hk)—(0,0) (h2 + k2)3/2
since

|hk(h? — k?)] \hk| B2+ K> VR + K2V 4 K2
0< < < =vh2 + k2.
TR+ T VREERZRE AR T VR k2

Thus f is differentiable at (0,0).

(ii) Note that, for any unit vector ¢ = (a,b) in R?, we have

h3a? a’ a’

Dot 0.0) =l yo@ v ) ~ M @4 )~ @)

To consider differentiability, note that f,(0,0) =1, f,(0,0) =0 and

_ _ 3/(p2 2y _
o MR R L ko] B/ RY) — B

(h,k)—(0,0) Vv h? + k2 (h,k)—(0,0) vV h? + k2

=0



. Ihk2|
= lm S —
(hok)—(0,0) (h? + k2)3/2

does not exist (consider, for example, & = mh). Hence f is not differen-

tiable at (0,0).

(iii) For any unit vector 7 € R? one has

h2(a? + b?)sin | oA
(Dsf) (0,0) = lim bicizal

h—0 h =0

Also,

‘(hQ ‘|‘ kf2) Sin [m} ‘ 1
li = [ VA 4+ k2sin | —— | =0;
(h,k)lg%o,()) Vh? + k? (h,k)lgéom TS (h2 + kQ) .

therefore f is differentiable at (0, 0).

(10) f(0,0) =0, |f(z,y)] < Va?+y? = f is continuous at (0,0).
Let ¥ be a unit vector in R2.
For ¢ = (a,b), with b # 0, one has

1 hb (VaZ+52)b
Dy) £(0,0) = lim ~ /12 + 1202 = L )0
(D3) f0,0) = Jim 3 gy v e + 0]

If ¥ = (a,0), then (Dzf) (0,0) = 0. Hence (Dzf) (0,0) exists for every unit

vector ¥ € R?. Further,

f(0,0) =0, £,(0,0)=1,
and

lim |f(h,k;)—0—h><0—l<;><1]: lim
(h,k)—(0,0) Vh? 4+ k2 (h,k)—(0,0) Vh?+ k2
k k
[l VR R

does not exist (consider, for example, & = mh) so that f is not differentiable

= lim
(h,k)—(0,0)

at (0,0).
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