14 Tutorial Sheets: 0-7

Tutorial Sheet No. 6:
Functions of two variables, Limits, Continuity

(1) Find the natural domains of the following functions of two variables:

() 7 () W@+

(2) Describe the level curves and the contour lines for the following functions
corresponding to the values ¢ = —3,-2,-1,0,1,2,3,4:
() flz,y) =2z —y (i) fla,y) =2"+y* (i) f(2,y) =2y

(3) Using definition, examine the following functions for continuity at (0, 0).
The expressions below give the value at (z,y) # (0,0). At (0,0), the value
should be taken as zero:

(4)

2

3 2
-y .. r= -y
(i) wy———5 (@i) [lz] = [yl = || = ly|.
T4 +y

z6 + 4?2
(4) Suppose f, g : R — R are continuous functions. Show that each of the
following functions of (z,y) € R? are continuous:

(i) f(@) £g(y) (i) f(z)g(y) (i) max{f(z), g(y)}
(iv) min{f(z), g(y)}-
(5) Let
22
o) = =gy
Show that the iterated limits
lim [lim f(:v,y)] and lim [lim f(:c,y)}

z—0 |y—0 y—0 Lx—0

for (z,y) # (0,0).

exist and both are equal to 0, but  lim  f(x,y) does not exist.
(z,)—(0,0)

(6) Examine the following functions for the existence of partial derivatives
at (0,0). The expressions below give the value at (z,y) # (0,0). At (0,0),
the value should be taken as zero.

" sin?(x 4 y)
D Tl
(7) Let f(0,0) =0 and

. 1
f(z,y) = (:1c2 + y2) smm for (z,y) # (0,0).

Show that f is continuous at (0,0), and the partial derivatives of f exist
but are not bounded in any disc (howsoever small) around (0, 0).
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(8) Let f(0,0) =0 and

zsin(l/z) +ysin(l/y), ifx#0, y#0
flz,y) =< zsinl/x, ife#0, y=0
ysinl/y, ify#£0, z=0.
Show that none of the partial derivatives of f exist at (0,0) although f is
continuous at (0, 0).

(9) Examine the following functions for the existence of directional deriva-
tives and differentiability at (0,0). The expressions below give the value
at (z,y) # (0,0). At (0,0), the value should be taken as zero:

. - 23
() ol (i)

(10) Let f(x,y) =0if y = 0 and

fla,y) = /a2 ity £0.

ly|

Show that f is continuous at (0,0), D, f(0,0) exists for every vector u,
vet f is not differentiable at (0,0).

. 1
(iii) (z* + y?)sin o~

+ y?




