
18 2. Tutorial sheets

2.9. Tutorial Sheet No. 8:
Multiple Integrals

(1) For the following, write an equivalent iterated integral with the order of
integration reversed:

(i)
∫ 1

0

[∫ ex

1
dy

]
dx. (ii)

∫ 1

0

[∫ √y
−√y

f(x, y)dx

]
dy.

(2) Evaluate the following integrals:

(i)
∫ π

0

[∫ π

x

sin y
y

dy

]
dx. (ii)

∫ 1

0

[∫ 1

y
x2exydx

]
dy.

(iii)
∫ 2

0
(tan−1 πx− tan−1 x)dx.

(3) Find
∫∫

D
f(x, y)d(x, y), where f(x, y) = ex

2
and D is the region bounded

by the lines y = 0, x = 1 and y = 2x.
(4) Evaluate the integral∫∫

D
(x− y)2 sin2(x+ y)d(x, y),

where D is the parallelogram with vertices at (π, 0), (2π, π), (π, 2π) and
(0, π).

(5) Let D be the region in the first quadrant of the xy-plane bounded by the

hyperbolas xy = 1, xy = 9 and the lines y = x, y = 4x. Find
∫∫

D
d(x, y)

by transforming it to
∫∫

E
d(u, v), where x =

u

v
, y = uv, v > 0.

(6) Find

lim
r→∞

∫∫
D(r)

e−(x2+y2)d(x, y),

where D(r) equals:
(i) {(x, y) : x2 + y2 ≤ r2}.
(ii) {(x, y) : x2 + y2 ≤ r2, x ≥ 0, y ≥ 0}.
(iii) {(x, y) : |x| ≤ r, |y| ≤ r}.
(iv) {(x, y) : 0 ≤ x ≤ r, 0 ≤ y ≤ r}.

(7) Find the volume common to the cylinders x2 + y2 = a2 and x2 + z2 = a2

using double integral over a region in the plane. (Hint: Consider the part
in the first octant.)

(8) Express the solid D = {(x, y, z)|
√
x2 + y2 ≤ z ≤ 1} as

{(x, y, z)|a ≤ x ≤ b, φ1(x) ≤ y ≤ φ2(x), ξ1(x, y) ≤ z ≤ ξ2(x, y)}.
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(9) Evaluate

I =
∫ √2

0

(∫ √2−x2

0

(∫ 2

x2+y2
xdz

)
dy

)
dx.

Sketch the region of integration and evaluate the integral by expressing
the order of integration as dxdydz.

(10) Using suitable change of variables, evaluate the following:
(i)

I =
∫∫∫

D
(z2x2 + z2y2)dxdydz

where D is the cylindrical region x2 +y2 ≤ 1 bounded by −1 ≤ z ≤ 1.
(ii)

I =
∫∫∫

D
exp(x2 + y2 + z2)3/2dxdydz

over the region enclosed by the unit sphere in R3.

2.10. Tutorial Sheet No.9:
Vector fields, Curves, parameterization

(1) Let a,b be two fixed vectors, r = xi + yj + zk and r2 = x2 + y2 + z2.
Prove the following:

(i) ∇(rn) = nrn−2r for any integer n.

(ii) a · ∇
(

1
r

)
= −

(a · r
r3

)
.

(iii) b · ∇
(
a · ∇

(
1
r

))
=

3(a · r)(b · r)
r5

− a · b
r3

.

(2) For any two scalar functions f, g on Rm establish the relations:
(i) ∇(fg) = f∇g + g∇f.
(ii) ∇fn = nfn−1∇f.
(iii) ∇(f/g) = (g∇f − f∇g)/g2 whenever g 6= 0.

(3) Prove the following:
(i) ∇ · (fv) = f∇ · v + (∇f) · v.
(ii) ∇× (fv) = f(∇× v) +∇f × v.
(iii) ∇×∇× v = ∇(∇ · v)− (∇ · ∇)v,

where ∇ · ∇ =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
is called the Laplacian operator.

(iv) ∇ · (f∇g)−∇ · (g∇f) = f∇2g − g∇2f.
(v) ∇ · (∇× v) = 0
(vi) ∇× (∇f) = 0.

(vii) ∇ · (g∇f × f∇g) = 0.

(4) Let r = xi + yj + zk and r = |r|. Show that





