PH 111: Tutorial Sheet 1
Solutions

This tutorial sheet contains some problems related to vectors and kinematics, employing
Cartesian coordinate system.

1. Consider two vectors A = 2i — j+ 3k and B = i+ j— 2k. Find a third vector C (say),
which is perpendicular to both A and B.

Soln: By definition, vectors £+ (A x B) will be perpendicular both to A and B. Thus,

the answer is
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2. Again, consider the vectors A and B of the previous problem. Find the angle between
them.

Soln: By definition

AB 5 5 sus5u47255
A|B|  VI4x6  2v21 '

— 0 = cos™ ' (—0.5455447255) = 123.0618’

cosf =

3. Find a unit vector, which lies in the xy plane, and which is perpendicular to A of
previous problems. Similarly, find a unit vector which is perpendicular to B, and lies
in the xz plane.

Soln: Let the (non-unit) vector L to A be C = %(ci + dj), where ¢ and d are
constants to be determined Thus

A-C=%£(2—d) =0
= d=2c
— C = +c(i+2))
Y 1 X
. oot :i—<i+2j>

V2 + 4c2 V5

Following a similar procedure, we obtain unit vector ]5, which lies in the xz plane,
and is perpendicular to B

ﬁ:i% (2i+f<)

4. Calculate A-(B x A), for the vectors of the previous problem. Does the result obtained
hold only for the given A and B vectors, or will it hold for any general vectors A and B.
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Soln: In the previous problem we computed
BxA— (i—?j—SR)
CA-BXxA)=247-9=0

The result is general because by definition B x A is perpendicular to both A and B,
therefore

A-BxA)=B- BxA)=A-(AxB)=A-(AxB)=0

. Consider two distinct general vectors A and B. Show that |A + B| = |A — B| implies
that A and B are perpendicular.

Soln: We have
|A +B|=|A — B|
— |[A+B|?=|A-BJ?
— (A+B)-(A+B)=(A-B)-(A-B)
— A+ B*+2A-B=A>+B>-2A B
= 4A-B=0
— A 1B

. Position of a particle in the zy plane is given by
r(t)=A <e"‘ti + e_o‘tj) ,

where o and A are constants. Calculate the velocity and acceleration of the particle,
as functions of time t. Plot the vectors corresponding to r(0) and v(0).

Soln: By definition

dr " .
v=— = A« <e°‘ti - e_o‘t')
dt !
dv s s
a=— = Aa® (eo‘ti + e"”“) = o’r
dt ]

Note that o o
r(0) - v(0) = A% (i+]) - (i-3) =0,
so r(0) and v(0) can be plotted as two mutually perpendicular vectors.
. Acceleration of a particle in the zy plane is given by a(t) = —w?r(t), where r(t) de-
notes its position, and w is a constant. If r(0) = aj, and v(0) = awi (v is the velocity),

integrate the equation of motion to obtain the expression for r(t¢), in Cartesian coor-
dinates. What is the the curve along which the particle is moving?
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Soln: The acceleration equation a(t) = —w?r(t) is equivalent to the following two

differential equations in Cartesian coordinates

Pr
ae T YT
Ty
a2 4

We will integrate the x equation, and the same procedure will apply to the y equation.
Multiply on both sides by Qfl—f

2
dr d®x —w22xd—$

dt diz dt
d (de)* o ade?
dt \dt) dt
dx 2 2 9 2 .
= () = w7 +c¢® (cis a constant)

dx
dt

dx

+—— =dt
VaE =2

dx
——=4dw [ dt+C («aand C are constants
/ Vo2 — 12 / ( )

A
sin (O)—C’:l:wt
x = asin (C £ wt)

r = Asinwt + B coswt.

=4+ — w22

Similarly,
y = Csinwt + D cos wt,

above A, B, C', and D are constants of integration to be determined by initial condi-
tions, which are

z(0) =0
v,(0) = aw
y(0) =a
v,(0) =0
Using the fact that
dz .
v, (t) = i Aw coswt — Bw sinwt

d
vy (t) = d_i = Cwcoswt — Dw sin wt,



application of x initial conditions gives

z(0)=B=0
02(0) = Aw = aw
— A=uqa
and y initial conditions yield
y(0) =D =a
v,(0) =Cw =0
== =0

Thus the final solution is

z(t) = asinwt

y(t) = acoswt
r(t) =a <sin wti + cos wtj) :

And the curve is a circle of radius a, centered at the origin, because

2 +y* = a*(cos® wt + sin® wt) = a®.

. Rate of change of acceleration of a particle is called “jerk” (j(¢)) in physics. If the jerk

of a particle is given by R R A
j(t) = ai + btj + ct’k,

where a, b, and ¢ are constants. Assuming that at time ¢t = 0, particle was located
at the origin, and its velocity and acceleration were zero, obtain its position r(t), as a

function of time, in Cartesian coordinates.

Soln: We have

da;

a

da,

—2 =bt

dt

da, 9
=ct

at

from which we have
da, = adt
— /dax:a/dzH-A
a, =at+ A



Similarly

Ay =

A, = —

_bt?

2

ct?
3

+B

+C,

where A, B, and C are constants. Using the fact that a,(0) = a,(0) = a,(0) = 0, we

obtain A = B = C = 0, so that

a,(t) =

ax(t) = dt

_du,
dt
_dy,

ay(t) = T

_ du,

=at

bt

ct?

which on integration, and using the initial condition v(0) = 0, obtain

the final result

so that

vy(t) = b

e
dt
dy

dz

v,(t) = =

at?

dat 127

On integrating these equations, and employing the initial condition r(0) = 0, we obtain

at?
z(t) = ?4
)t = o
ctd
z(t) = 0
at’s %j P
6 24 60

. A rocket of mass M accelerates in free space by expelling hot gas in the backward
direction. The speed of the exhaust gas depends on the energy released in the com-
bustion process and can be taken to be a constant, say |u| w.r.t to the rocket. Assume
that in time At the rocket loses an amount of mass Am = —%At, where % denotes
the rate of change of the mass of the rocket. Answer the following questions.

(a) If the instantaneous velocity of the rocket is v, in an inertial frame, what is the
velocity of the exhaust in that frame? Write down the total momentum of the
system as seen from that inertial frame at ¢ and ¢ + At.

Soln: In an inertial frame the velocity of the exhaust gas is v — |u]
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(b)

From this obtain a differential equation connecting the changes in mass and ve-
locity.

Show that the final velocity increases only as the logarithm of the amount of fuel.

What is the significance of such a dependence ?

Soln: In an inertial frame the velocity of the exhaust gas is v — |u|. Since
no external forces acts on the rocket, the change in momentum must be zero.

dM
5P = M(t+5t)v(t+5t)+(——5t> (v — |u]) = M()o(t)
< Y ) dt —
rocket—gas ~ N~ o P(t)
ejected gas
dv dM
= M—dt+ —9dt
ar Ot ot
dv dM
0 = M— 4"
a a1
M am 1 [
uln 7
vp—v; = |ulln
My

Note that if the rocket wants to attain twice the velocity it needs to have about
seven times more fuel. It means that velocity is a very slowly increasing function
of the amount of fuel burnt. Typically almost 90% of the initial (lift-off) mass of
the rocket is just fuel. Rest is the satelite’s mass (payload).



