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Consider the operator,

I
SONEISH

ot =

Now implementing Lorentz boost along x—axis we can have transformation between new (primed) and old
(unprimed) coordinates of space-time position 4-vector as,
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Similarly we get,
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Combining all we can get,
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From transformation relation 4, we can conclude that this operator 0" transforms like a contravariant
4-vector under Lorentz boost along x—direction.

(Marks distribution : Writing down transformation matrix between usual position vector will award 1
point, subsequent calculations carry 6 marks.)

Considering an infinitesimal Lorentz boost along z—direction by a parameter 7, < 1, we can write
the transformation matrix as,

coshn, —sinhn, 0 0 1 —n 00
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Similarly for infinitesimal Lorentz boost along y—axis by parameter n, < 1, we get
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where Ro(—1,1,) corresponds to 2-dimensional infinitesimal spatial rotation with § = —n,n, in  — y plane
along z—axis and l4.4 identity matrix in 4-dimensions. Usual spatial rotation matrix can be written as,
1 0 0 O 1 0 00
0 cosff sinf O|e—of(0O 1 6 O
B0 =10 _ginb coss 0 o -6 1 0 (10)
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(Marks distribution : Identifying O1, Oy correctly — 2 + 2, prove the relation in the hint — 3, Interpreting
correctly — 3.)

Energy of the described particle will follow the relation E? = p?c? +m2c* or E = 4++/p2c? + m2c4
which will correspond to the "one-sided" hyperbola in E — pc plane (only allowed energy of physical
particle according to relativity should be taken positive). Intersection point on E—axis will be mc? here.
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Here for two mentioned particles we have

E? = p?c® + m2ct

E3 = p3c® + m?c?
Also, according to the problem we have E = FE1 + Fa,p = p1 + p2,p’ = p1 — p2 (last one we have introduced
for convenience also taken ¢ = 1 here). So now (again retaining c),

E=F +Ey= \/p%c2 + m2ct + \/pgc2 + m?2¢t
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Here p’ — oo or —oo, the expression is unconstrained and equality implies p’ = 0. So now after expanding
the expression,

E > [(p* + 16m*c* + 8m2p?ct)ct + p (p? — 2p*P + 8m206)]1/4
> [(p* + 16m*ct + 8m)] (inequality saturated for p’ = 0)
— [(p + 4m2c2)2eN VA
or, E%> (p*P +4m3cth) (12)

All points on the boundary have the value M = 2m with intersection point on 2mc?.

A3 —c.|p'py = E? — p2c® = M?c* > 4m?c* where M is the invariant mass with M > 2m.
A3 —d.|In the frame S, (p1 + p2)? = E? — p?>c?. We can always find a frame with p’ = 0 (where p’ is the

transformed 4-vector of p under Lorentz transformation). As we know that, (g) is transforming as

4-vector under Lorentz transformation, so

E'"\ [ coshpn —sinhn\ [ E
P'c)  \—sinhy coshy Te
In the frame where 7/ = 0, we get —sinhnFE + pccoshn = 0 or tanhn = £, To find the minimum value of

(p1 + p2)?, for every (p1 + p2) we have to go to the frame where P’ = pi’ + p3’ = 0. Also (p1 + p2)? would
be invariant in this special frame. So we get,

M2 = Pp, = (pl +p2)2 — F? — (Ei + Eé)Q — (\/171?/262 1+ m2ct + \/]75/202 —|—m2c4)2

Now in this frame \]71)’] = \172”], so M?c* > 4m?2ct. The minimum value for p,p* is 4m?ct i.e., M > 2m. In
the original frame S, we have

popt = E? — ?202 > 4dm2ct = E? > 7262 +4m2ct.

(Marks distribution : according to the marks distribution in the problem.)



In a high energy collision we have the 2-body decay process, 7% — 4. In the rest frame S, two
photons should travel back to back.
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Also we have pi = p!' + p§ while in 4-vector notation we have,
myc? Eq )
0 p1ccosd —paccost
0 ~ | picsind —pacsind
0 0 0
myc?
2
myzc
Here as p1 = po, By = By = m’fc and for final state photon p; = =+ = ™€, So pf e CCOSg and
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My c?
2
—xCcosh . , . . . . . .
ph = e o0l Now in the lab frame S’ moving w.r.t. relative velocity v in the negative z—direction
— T Csin
0
(ie. B =1%), we have the transformed angle in this frame 6’ represented as,
tang’ — SmOV1— 52 (13)
cosf —
Also, v = . Now we can have,
2 4 E2_m2ct 1/2
1-f2= k=5 = g = — | g

As we have considered 3 negative in this case. For such high energy process, E > myc? i.e., B ~ 1. For the
first photon we have tanf| = ~ C;;gil ~ %tang =5 tan . For the second photon, 0 = v — 0 i.e., the angle

making w.r.t. positive z—direction. So tanf = %tan [5 — g] = %cotg. The angle between two emitting

photons A¢ = 0] + 65 = "= [tang + Cot%]. With these information,
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For such high energy process, we have a large boost so A¢ is small, so A¢ ~ == = .

(Marks distribution : Identifying all the components of momentum 4-vector neatly in rest frame — 2+2,

transformed angle in unprimed frame — 1, clearly stating 6/, 65 and their difference — 2+2+2.)




In frame S, we have fully antisymmetric 4 dimensional Levi-Civita tensor as

P =41 (fpu=0r=1,p=20=23)
=+1  (for even number of indices exchange)
=—1  (for odd number of indices exchange)

=0  (if any two indices are equal) (15)

In the transformed frame S’, we have ¢/#/P9 = AﬁAgAﬁAgeo‘B'y‘s . For boost along x—direction, we have
coshn —sinhn 0 0

—sinhnp  coshyp 0 0

transformation matrix, Ah = . Now we have,

0 0 10
0 0 01
€128 = AJAGAZ AJe (16)

From this definition in Eq.16, we have non-zero value iff a =0or 1, 5=0o0r 1, v =2,5 = 3. Due to
antisymmetric nature of €, we have to have o, 6 = 0,1 or 8,a = 1,0.

0125 — AOATAZAZEO12S | AQASAZARE10% = cosh®y + sinh?n x (—1) = 1
where negative sign corresponds to the antisymmteric nature of . Now

P = NG AGADAG P
= —AZAZAEYAgeﬁ @10 (antisymmetricity of €)
= —AgAgAg’Ageam‘s (changing dummy indices a — 3,5 — «)
= —¢Mre (17)

So € satisfies same fully antisymmetric properties. Now if two indices are same, then say, €012 = —¢/0012
(using the antisymmetric property of € by exchanging two zeroes), we have €12 = 0. So ¢ in S’ has
exactly same component values in S’.

(Marks distribution : Clearly stating properties of € in S frame — 2, to prove them (antisymmetricity,

same component, even-odd permutation) in S’ frame — 2+2+2.)

In the spacetime diagram, let’s consider the worldline for the moving observer as ct = % with

B = 3/5 according to the problem. Any light source can be designated as an event in spacetime point



(ctp,xp). Light emitted from the source will travel in different direction i.e., in forward or backward
direction. Let’s consider, ctseen = Tseen/3 Where the observer observes the light signal at (ctseen, Zscen). Now
we can face two situations like,

(i) if ¢ty < %} then the observer will see the backward emitted light from any source, so we can consider
the slope of the line joining (ctseen, Zseen) and (ctr, xr) should be -1. Then we have

Clseen — CUL ctrp +zxr
2 = 1= ctgeen = 18
Tseen — TL Fseen 1+ ( )
(ii) Now if ctf, > %, the observer will see the forward moving light from the source, so the line should have
slope +1.
ct L —T],
Clseen = ﬁ (19)

Now we have to check which condition is suitable for the light sources A, B, C, D. We can easily find out
that the condition 1 has been satisfied by lamps C, D whereas A, B will satisfy the condition 2.

We can also calculate corresponding ctgeen for each lamps to find out the sequence of receiving light. So
now,

Ctseen(A) = 12_—5}5 = 2.5, Ctseen(B) = 1{535 =9,

Ctseen(C) = 17575 = 3.125, ctseen(D) = 17575 = 4.375.

So the detection order corresponds to A - C — D — B.
Now the turning on time of the lamps in observer’s frame will be,

cth = (et — frr) = W(CQ —3ap)

Putting values z1,(A) = 1,21(B) =2,2.(C) = 3,2(D) = 4 and

ctr(A) =2,ctr(B) = 4,ctr(C) = 2,ctr(D) = 3, we have

et (A) = 1.75, ¢t (B) = 3.5, ¢t (C) = 0.25, ¢t (D) = 0.75. So the sequence of light signals turning on will
beC—+D— A— B.

(Marks distribution : For part a) clearly stating the conditions and find the sequence — 242, for part b)
according to the problem.)

To get the equation for the trajectory for the observer :

2\? ot ar 2\?
2 — 22 = (—) [cosh2— — sinh2—] = (—) (20)
e c c e’
See Fig.1.

Figure 1: Solution of 7(b)

The proper time for the observer,



2 2
Adr'? = Adt? — dz? = <%%cosh (O‘—CT) dT) — (%%sinh (O‘—CT) dT) = 2dt?

We can have then d7’ = dr = 7/ = 7 + ¢ where ¢ corresponds to the integration constant, can be

considered as the offset. So 7 is just the proper time for the observer.

v = ‘fl—f = % = ctanh (O‘—CT) So the functional dependence of v w.r.t. 7 can be shown in figure

with the asymptotic values, v(7 — +o0) — +c.

See Fig.2. No signal from the shaded region will reach the observer.

Figure 2: Solution of 7(e,f)

AT — f | See Fig.2. The time to will be £2.

A7 — g.| For the observer sitting on the star at horizon crossing, we have xg = cty. Proper distance
between (ctg, xo) and (ct,z) at any instant will be,
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Now as 7 — oo, we will get ¢ — % which is independent of xg.




Consider, the frequency detected in the comoving reference frame as v/ whereas the emitted light
has initial frequency v. Now using Doppler relation from the departing source we can get,

S 1—wv/c
1+v/c

1 _ tanh% e*OLT/C
_ c _ _ —aT/c
-7 \/ 1+ tanhel — Y \ ear/e ve (22)
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So we can clearly see here 1/ exponentially decreases as 7 increases. Light from the star will be more and
more red-shifted till it becomes undetectable at the point of horizon crossing.
(Marks distribution : according to the marks distribution stated in the problem.)

—Solution ends—



