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Chapter 12

Electrodynamics and Relativity

Problem 12.1

Let u be the velocity of a particle in S, @ its velocity in S, and v the velocity of S with respect to S.
Galileo’s velocity addition rule says that u = @ + v. For a free particle, u is constant (that’s Newton’s first
law in S.

(a) If v is constant, then @t = u—v is also constant, so Newton’s first law holds in S, and hence S is inertial.

(b) If S is inertial, then i is also constant, so v = u — i is constant.

Problem 12.2
(a) maug + mpup = meuc + mpup; u; =1u; +v.
ma(tag +v)+mp(ag +v) =me(ac +v) + mp(ap + v),
maula +mpup + (mA + mB)V = mgcuc +mpup + (mc + mD)v.
Assuming mass is conserved, (ma + mp) = (mc + mp), it follows that
mauy +mpup = mguc + mpup, SO momentum is conserved in S.

1 2 |1 2 _1 2 |1 2
(b)gmauy + smpuyp = mcoug + smpup =

Ima (@ 4204 - v +02) + Imp(ad + 2up - v+ 0%) = tmc (@ + 20c - v 4+ 0%) + dmp(ad + 2up - v + 0?)
imat? + mpt% + v - (maus + mpup) + 202 (ma + mp)
= %mcﬂ% + %mDﬂQD +v-(mecuc +mpup) + %1}2(7710 +mp).

But the middle terms are equal by conservation of momentum, and the last terms are equal by conservation

1 22 1 72 1 72 1 2
of mass, so 5MAlUy + 5MmpBlUp = 3Mcly + 3mpup. qed

Problem 12.3

_ . _ v “+v ~ v v . . VGg—VE _ v v
(a) v6 = vap +vpc; Vp = AEEIECS ~ g (1 — tARgEC); - LeTUE — vapgac,

In mi/h, ¢ = (186,000 mi/s) x (3600sec/hr) = 6.7 x 10% mi/hr.

LR = (6.(51(%2)2 =6.7x 10716, - ’ 6.7 x 107 1% error‘ (pretty small!)

(b) (de+36) /(1 3+ 4) = (50) / (8) =| e Gstil fess than )

—

(¢c) To simplify notation, let 8 =vac/c, 1 =vap/c, B2 = vpc/c. Then Eq. 12.3 says: 3 = 1%;1%22, or:

(1+2B:02 +B282) (1425162 +3282) (1426162 + 3262) (14 B132)2

62:5%+2ﬁ1ﬁ2+25152+53 1+26:8: + 5705 (1L+ 5763 — BT — 533) (1-69)(1 —p5) —1_A
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CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY 263

where A = (1 — 83)(1 — 83)/(1 + B152)? is clearly a positive number. So 3 < 1, and hence |vac| < c. qed.
Problem 12.4
5 10

(a) Velocity of bullet relative to ground is 3¢+ ¢ = 2¢ = 12c.

bullet does reach target ‘

. 3.9 .
Velocity of getaway car is y¢ = 75¢. Since vy > vy,

_ 8¢ _5,._20
=T = 76T B¢

berde
1+3-

(b) Velocity of bullet relative to ground is

Wl

3 21

Velocity of getaway car is §c = 5zc. Since v, > vy, | bullet does not reach target ‘

Problem 12.5
(a) Light from 90th clock took 90x107m — 300 sec = 5 min to reach me, so the time I see on the clock is

3x10% m
(1555 am)
(b) T observe .

Problem 12.6

dy
c

light signal leaves a at time t.; arrives at earth at time ¢, = ¢/, + %"
light signal leaves b at time ¢;; arrives at earth at time ¢, = ¢} +

= At +

dp — dq —vAY 0
A=ty by =t 4 ) (cvAtcost)

= At/ {1 — 20050}

(Here d, is the distance from a to earth, and dj, is the distance from b to earth.)

in 6 At in 0
As = vAt' sinf = USL(I — Zcos 0) ju= UMY 1S the the apparent velocity.
(1t c (1—"2Ycosb)
du  v[(1—%cosf)(cosf) —sinf(Lsind)] v v,
0= (1= Zcost)? :O:>(1—Ecose)cos(9:gsm 0

= cosf = E(sin29+0052 0) = Y
c

vy/1—v2/c?

_ -1 : : _ _
’9max =cos™ (v/c) ‘ At this maximal angle, u = oz = \/1_’;2/62
As v — ¢, [u — 00|, because the denominator — 0 — even though v < c.

Problem 12.7
The student has not taken into account time dilation of the muon’s “internal clock”. In the laboratory, the

muon lasts y7 = ——Z——, where 7 is the “proper” lifetime, 2 x 1076 sec. Thus
1—=v2/c?’ ’

d d | 02
v=———-——— = —4/1— —, where d = 800 meters.
t/\/1—v2/c?2 T c?

2 2 2 1 1
(e (@ )=y =
d c d c (t/d)” + (1/c)?
v? 1 e (2x107%)(3x10%) 6 3 o2 1 16 4
[ — . - = = - = —: —_——=— = — V= —C.
A2 1+ (re/d)* d 800 8 4 ¢ 1+9/16 25 5
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264 CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY

Problem 12.8
. _ 1 _ 1 _
(a) Rocket clock runs slow; so earth clock reads vt = W -1 hr. Here v = ey -y ey

*. According to earth clocks signal was sent | 1 hr, 15 min | after take-off.

(b) By earth observer, rocket is now a distance (2c¢) (3) (1 hr) = 2¢ hr (three-quarters of a light hour) away.
Light signal will therefore take % hr to return to earth. Since it left 1 hr and 15 min after departure, light

5
4

signal reaches earth | 2 hrs after takeoff ‘

(c) Earth clocks run slow: toeket = - (2 hrs) = 2 - (2 hrs) =

Problem 12.9

Ly. g ; 3.1 v w2
Lo =2Ly; £ = Lo 1= =y /ha=1-n=%=

Problem 12.10
Say length of mast (at rest) is [. To an observer on the boat, height of mast is /sin @, horizontal projection

is {cosf. To observer on dock, the former is unaffected, but the latter is Lorentz contracted to + lcos@

Therefore:

2 - P
—1_3 _ 13. _
r=1—q5 =15 |V =

nm‘e
Sles
QN‘C

tanf = Isin6 tan o tan 6 tan
nf = —— = no, r nf = ———
% cosf | V1—v?/c?

Problem 12.11

Naively, circumference/diameter = %(277R)/(2R) =7/y =my/1— (wR/c)?> — but this is nonsense. Point
is: an accelerating object cannot remain rigid, in relativity. To decide what actually happens here, you need a
specific model for the internal forces holding the disc together.

Problem 12.12
(iv) =t= % + %%. Put this into (i), and solve for z:

_ t  wx v? _ 1 _ T —
ac:'ya:—'yx—’yv(f—&—j) :'yx(l——z)—vt:wc—Q —vt == —vt; |z =T+ i) |V
v e ¢ v v

Similarly, (i) = =z = % + vt. Put this into (iv) and solve for ¢:

_ t _
t:yt—ﬂ( +vt)=7t(1—1)—3m—32:f; tzv(t—i-%i) v
C

c2

Problem 12.13
Let brother’s accident occur at origin, time zero, in both frames. In system S (Sophie’s), the coordinates
of Sophie’s cry are z = 5 x 10° m, ¢ = 0. In system S (scientist’s), ¢ = v(t — %z) = —yvz/c?. Since

this is negative, ’Sophie’s cry occurred before the accident, ‘ inS. vy = /i (112/13)2 = \/1651)3—144 = % So

E:_(E)( )(5><105)/c = —12 x 105/3 x 10% = 1073. ’4><10 3 seconds earher‘

Problem 12.14
(a) In S it moves a distance dy in time dt. In S, meanwhile, it moves a distance dy = dy in time df =
y(dt — zdx).

R T T (e R I (s R T o)

dy dy _ (dy/dt) or | @ Uy e Uz
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CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY 265

(b) & = dock frame; 8’ = boat frame; we need reverse transformations (v — —v):
Uy /v (1+ %) 1 a,

u _ _
tanf = ——4£ = — L — —— — . In this case u, = —ccosf; 4, = csinf, so
e (o) (Lt %) 5 (@ to) - v
- 1 sin
_ 1 csin 6 —_| = -
tanf = ¥ (—ccos 0+v) v (cosﬂ—v/c)

[Contrast tanf = fyzi%sg in Prob. 12.10. The point is that velocities are sensitive not only to the transfor-
mation of distances, but also of times. That’s why there is no universal rule for translating angles — you have
to know whether it’s an angle made by a velocity vector or a position vector.]

That’s how the velocity vector of an individual photon transforms. But the beam as a whole is a snapshot

of many different photons at one instant of time, and it transforms the same way the mast does.

Problem 12.15

. 5 . . %c — %c ic 2
Bullet relative to ground: —c. Outlaws relative to police: 57 = 5 = ZC
7 l-9-3 § ®
. Sc—3¢c —%c 1 . . o .
Bullet relative to outlaws: =3 = —q3— = ——¢ . [Velocity of A relative to B is minus the velocity of

13

74

B relative to A, so all entries below the diagonal are trivial. Note that in every case vpyliet < Voutlaws, SO NO
matter how you look at it, the bad guys get away.]

speed of — 1| Ground | Police | Outlaws | Bullet | Do they escape?
reG‘l‘lQélﬂdl 0 1c 3c 2c Yes
Police -1 0 2c le Yes
Outlaws -3¢ —-2c 0 —c Yes
Bullet -3¢ —-ic e 0 Yes
Problem 12.16
1 5

(a) Moving clock runs slow, by a factor v = e = 3. Since 18 years elapsed on the moving clock,

% x 18 = 30 years elapsed on the stationary clock. | 51 years old

b) By earth clock, it took 15 years to get there, at 2¢, so d = 2¢ x 15 years = | 12¢ years | (12 light years
5 5

(c) ’t =15 yrs, z = 12¢ yrs‘

(d) ’f: 9 yrs, T = 0. ‘ [She got on at the origin in S, and rode along on S, so she’s still at the origin. If you
doubt these values, use the Lorentz Transformations, with z and ¢ in (c).]

(e) Lorentz Transformations: { & =7(z+vt) | [note that v is negative, since S us going to the left]
t=7(t+ =)

T = %(120 yrs + %c- 15 yrs) = g - 24c yrs =
t=23(15yrs+ 25 12cyrs) = 3 (15 + 48) yrs = (25 + 16)yrs =

(f) Set her clock ’ ahead 32 years,

will now read years at her arrival. Note that this is % - 30 years—precisely what she would calculate if the
stay-at-home had been the traveler, for 30 years of his own time.

from 9 to 41 (f — ). Return trip takes 9 years (moving time), so her clock
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266 CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY

(g) 1) t=9yrs, z =0. What is t? t = Sz + % = % -9 yrs = % = 5.4 years, and he started at age 21, so he’s

26.4 years old | ( Younger than traveler (1) because to the traveller it’s the stay-at-home who’s moving.)

(ii) t = 41 yrs, x = 0. What is t? t =

45.6 years old.

(h) It will take another of earth time for the return, so when she gets back, she will say her twin’s
age is 45.6 + 5.4 = 51 years—which is what we found in (a). But note that to make it work from traveler’s
point of view you must take into account the jump in perceived age of the stay-at-home when she changes
coordinates from S to S.)

Problem 12.17

% = % -41 yrs, or % yrs, or 24.6 yrs, and he started at 21, so he’s

—a’t° + a'd' + a?b? + @’ = —2(a® — Bat)(B° — BbY) + % (at — Ba®) (' — Ba®) + a®b? + a3
= —2(a"0° — @a%l - ﬁ;/bo + FZatbt —albt + ﬂ;/bo + ﬁ;%l — 3%2a°0°) + a®b? + a®V?
— —72(101)0(1 _ 52) +72a1b1(1 _ 52) +a2b2 —|—a3b3

= —a0’ + a'bt + a?b* + a®b®. qed [Note: v*(1 — 3%) = 1]

Problem 12.18

ct 1 000 ct
(a) g = _06 é (1) 8 ; (using the notation of Eq. 12.24, for best comparison)
z 0 001 z
7 060
01 0 0
b) |A =
(b) B0 v 0
0 0 0 1
7 0380\ (v —B00 v =38 =3B 0
. . 01 0 Of|—B ~» 00 -6 v 0 0
¢) Multiply the matrices: A = _ = _ = N
() ply —580 5 of|l o o0 10 38 B8 3 0
0 0 0 1 0 0 01 0 0 0 1

the order does matter. In the other order “bars” and “no-bars” would be switched, and this would yield
a different matrix.

Problem 12.19
(a) Since tanh§ = £2h¢ and cosh? § — sinh? @ = 1, we have:

cosh 6’
1 1 sh 6
Y= = = o8 = cosh 6 ; v0 = cosh @ tanh § = sinh 6.

VI=07/ /T —tanh®0  /cosh®6 — sinh? 0

coshf —sinh6 00 .

—sinh € coshd 00 cos ¢ sing 0

A= Compare: R = | —sin¢ cos¢ 0

0 0 10 0 0 1
0 0 01
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CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY 267

U —v U - tanh ¢ — tanh 6
b) o = — = =< ¢ = tanh¢ =

(b) @ - e 1—(%)(y) anh¢ 1 —tanh ¢tanh @’
tanh ¢ = @/c. But a “trig” formula for hyperbolic functions (CRC Handbook, 18th Ed., p. 204) says:

tanh ¢ — tanh 6 ) - N
T~ tanh g tanhd tanh(¢ — ). . tanh ¢ = tanh(¢ — @), or:

where tanh¢ = u/c, tanh8 = v/¢;

Problem 12.20
(a) (i) I = —cPAt? + Ax? + Ay? + Az? = —(5—15)2 + (10— 5)2 + (8 — 3)2 + (0 — 0)? = —100+25+25 = =50

(i) (In such a system At = 0, so I would have to be positive, which it isn’t.)

(i) [y ] ¥ f
8 4 B S travels in the direction from B toward A,
making the trip in time 10/c.
6 4
.V7755(75y7 C)‘( c .
4 VT T | T2 Y
2 1 Note that Z—z:i—i—i:%,sov:%c, safely
less than c.
1 1 1 1 >

b)) I=-B-12+(5-22+0+0=—-4+9=|5]
(ii) By Lorentz Transformation: A(ct) =v(A(ct) — 3(Axz)). We want At =0, so A(ct) = B(Ax); or

Al(cet -1 2 2
% = (A(jv)) = g — 2; =3 So|v= 3¢ in the +2 direction.
(iii) (In such a system Az = Ay = Az =0 so I would be negative, which it isn’t.)
Problem 12.21 ~ tg —ta
Using Eq. 12.18 (iv): At = y(At — 5Ax) = 0= At = ZAx, or v = %02 = ==

Ip —TA
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268 CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY

Problem 12.22

(a) Truth is, you never do communicate with
the other person right now—you communicate
with the person he/she will be when the mes-
sage gets there; and the response comes back

to an older and wiser you.

ct,

world line

of player 1\\ world line of

/ player 2

(b) Tt is true that a moving observer

might say she arrived at B before she left A,
world line of but for the round trip everyone must agree
the ball that she arrives back after she set out.

X

10 f

T
Problem 12.23. o
(a) cty %/ /N &7q
/ 2V SN/ Y (b) € = slope = 22
aauy VRN v 8.75
WALV LN 57
\; Y
vy, PA 8.75 35
(‘,\) /\ =0V = —250: —C
.- 37
% 0//{7*
7D 4..3
o) e 1 _ 4 _ jctie
&7 (c)wv 5C, 80 U = 1733

\
\

_ 1

2 2
(@) (1= ) = w2 (1 35) =i 0 = e
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1 _ 1 _ cosh 6 _ . _ 1 _ _ :
(b) ey =coshf . .n= 7\/mu = coshf ctanhf =

- \/1—tan}12 0 \/cosh2 f#—sinh? @
Problem 12.25

2
(a) szuyzucos45°:%%c: =
- =1 _ -6 - - __u_
(b) Vimut/e2  \1-a/5 2 =5 = e e =1y = V2

(c) mo=ve=|V5e

(d) Eq. 12.45=

_ 1 Uy o 2\/20_ \V2/5 2
Uy-;(l_ufzv) = 1_51_5% —\/T%C— \/;C.
(e) ﬁx:'y(n:r_ﬁno): 1_%(\/56_ %\/gc): ﬁy:ny:\/ic'

o e Tz = V31U, =0V

(®) \/1—122/@ - \/1i2/3
Problem 12.26
W= — (00 0P = e (—¢ 4 u?) = ~ 20200 | 2] [Timelike,
Problem 12.27
Use the result of Problem 12.24(a): u =

w=S(AX10%) =24 % 10°m/s,

Problem 12.28
(a) From Prob. 11.34 we have v = $Vb% + 22, . 7 = f%dt = bf\/% = YIn(ct + Vb2 + 212) + k; at

1 4 1 3
———=1. Here T -2 g0 ——=— =2 and hence
Vitn?/e? ¢

3 J/1+16/9 5

b 1
t =0 we want 7 = 0: Oz%lnb—l—k7 sok::—%lnb; 7':2111 b(ct—i—\/bQ—i—cQtz)}

(b) Va2 —b2 4z = becT/b: /22 — b2 = beT/V — x; 22 — b? = b2e267/Y — 2xbecT/b 4 12 2wbecT/b = b2(1+ EZCT/b);
x = b(ew/b"’ff”/b) =|bcosh(cr/b) | . Also from Prob. 11.34: v = ¢?t//b2 + c2t2.

. . \/ﬁ sinh(er
v=2Va2? —b? = W(cr/b)\/bz cosh? (e7 /b) — b2 = VST — oSl — [ e anh (%)

cosh(ct/b) cosh(cT/b)

(c) n* =v(c,v,0,0). v = § = cosh G, so n* = cosh T (c,ctanh %,0,0) =|c (cosh %,sinh C%—,O,O> .

Problem 12.29

’L_Li-l-'l}
(a) maua + mpup = mouc + mpup; u;

1t (Gv/c?)’
Uuapg +v n up +v uc +v n up +v
m m =Mmeg——F——5 +Mp—————~-
A1+(ﬂAv/c2) Bl—i—(ﬂBU/CQ) Cl—l—(ﬂcv/c2) D1+(ﬂDv/c2)

This time, because the denominators are all different, we cannot conclude that

malus +mpup = mcocuc +mpup.

As an explicit counterexample, suppose all the masses are equal, and us = —ug = v, uc = up = 0. This is
a symmetric “completely inelastic” collision in S, and momentum is clearly conserved (0=0). But the Einstein
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270 CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY

velocity addition rule gives g = 0, tip = —2v/(1 +v?/c?), @ic = iip = —v, so in S the (incorrectly defined)
momentum is not conserved:
—2v 49
m|——s— —2mu.
1+ 02/c?

(b) mana +mpne = mene +mpnp; 1 = Y7 + B7Y). (The inverse Lorentz transformation.)

may(iia + B0%) +mpy(is + Biy) = mey(ic + Big) +mpy(ip + 7). The gamma’s cancel:

maia +mpis + B(man% + mpiy) = meilc +mpip + B(meie + mpi).-
But mmio = p? = E;/c, so if’ energy is conserved ‘ inS (EA +Eg=FEc+ E_’D)7 then so too is the momentum
(correctly defined):

mafja + mpilp = mcfic + mpip. qed
Problem 12.30

yme? —me? =nmc* = y=n+1= —F— :1—“72:712
1—+/u?/c? ¢ (n+1)

Cwd 1 nPfenlol _on(nd2) |, ”(”+2)C

e T (n+1)2 = (n+1)2 - (n+1)2 - n+1

Problem 12.31
Er=E\+Ey+--spr=pi+p2+--;pr=7pr—BEr/c)=0= 3=v/c=prc/Er
v=Cpr/Er=|Epr4pr o )/(Br+ Eat o)

Problem 12.32

E :7<m727+m‘2‘)62=7mc2=>'y=(mgr+mi)= ! ; 1—£:i~

I o n p—— eyl 2 2
Uj L 1 L 4mfrmi _ mi + Qmimi + mﬁ — 4m3rmi _ (m?2 — mi)Q.U _ (m2 — mi) .
R N R (m T ) 2 oy = |\ )

Problem 12.33
Initial momentum: E? — p?c? = m2c* = p?c? = (2mc?)? — m?c* = 3m?c* = p = V3me.
Initial energy: 2mc? 4+ mc? = 3mc?.

Each is conserved, so final energy is 3mc?, final momentum is v/3 mec.

E? — p? = 3mc®)? — (V3me)?? = 6m?ct = M2t - ~ 2.5m

(In this process some kinetic energy was converted into rest energy, so M > 2m.)

pc? B V3mec?
E = 3me2

Sl

Problem 12.34
First calculate pion’s energy: E? = p?c? + m2ct = Zm2ct + m?c* = B2mic* = F = %mcg.

16 16
Conservation of energy: S5mec? = Ea + Ep 9F s — e
. =2mc
Conservation of momentum: %mc =pa+p= E?A — E—CB = %ch =FE,—Ep A

1
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CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY 271

Problem 12.35
Classically, £ = %va. In a colliding beam experiment, the relative velocity (classically) is twice the
velocity of either one, so the relative energy is 4F.

v
E E — E Let S be the system in which () is at rest. Its
@ @ @ ® speed v, relative to S, is just the speed of (@
S S in S.

= (£ — Bp), where p is the momentum of @) in S.
E=9Mc, s0y = 572;p = —YMV = —yMfc. - E =~ (£ + ByMpc) ¢ = v(E + yMc*5?)

Mc
2_ — 2
72:1_1ﬁ2=>1—52:$2:>ﬁ2=1—7%=”721..-.E:—AngJr{(—Asz) —I}MC2
2
m__ E? E? 2. —_2E 2
E—Mcz—i—MCQ—Mc7 E—MC2—MC

For E = 30 GeV and M¢? = 1 GeV, we have E = 2% _ 1 — 1800 — 1 =[1799 GeV | = [ 60E. |

Problem 12.36

Ea
One photon is impossible, because in the “center of mo- 60°
mentum” frame (Prob. 12.31) we’d be left with a photon 7%_> ,% 0
at rest, whereas photons have to travel at speed c. Ep
(before) (after)

Cons. of energy: /poc? + m2ct +me? = E4 + Ep
horizontal: pg = £4 cos60° 4+ £& cos = Ep cos = poc — %EA
Cons. of mom.: ¢ ¢

d add:
vertical: 0= EicA sin 60° — ETB sinf = Epsinf = ? B4 }Square and a

3
1

= FE% = poc® — pocEa + E4 = [W—i—mcz - EAr
= poc?® + m3c* +24/p3c? + m2ct(mc? — Ea) + m?c* — 2E4mc® + E5. Or:
—pocEa = 2m*c* + 2mc?\/p3c? + m2ct — 2B/ pEc® + m2ct — 2E 4mc?;
= Ea(me® + /p3c® + m2ct — poc/2) = m2c* + mc®\/poc? + m2ch;

5 (mc®+ \/pEc + m2ct) (me® — \/pge? + m?ct — poc/2)

(me2 + \/p3c? + m2c* — poc/2)  (mc? — \/p3c? + m2ct — poc/2)

1
E%(cos? 0 + sin® ) = poc® — pocEa + ZE‘%‘ + B

E4=mc

9 (7}12/04 —p3c? — 7p’2/4 — Ipomc® — BE\/pic® + m2ct) | me® (me+ 2py + \/p§ + m3c?)

= McC =

3
(T/re'z/c‘1 — pomc® + % — poc? — WZ/C4) 2 (me+ $po)
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Problem 12.37

Fo dp d mu _ du N 1 —Loy.du
Tt dt 1w -m N "\ T2 e
m u(u-a)
= ST qed
V1—u?/c? {a+ (02_u2)} qe
Problem 12.38

%
At constant force you go in “hyperbolic” mo- .
tion. Photon A, which left the origin at ¢ < 0, y

catches up with you, but photon B, which
passes the origin at ¢ > 0, never does.

ct

Problem 12.39

() o dm_dmdt [d( ¢ ] 1

dr dt dr dt \ \/1T—u2/c? /T —u2/c
c < 1) (—%)2ua 1 u-a

(

/1w

1—u2/2)2 | c(1—u2/2)2

2

a_dﬂ_ﬂdﬂ_ 1 da u _ 1 a +u(—t) —C%2u-a
Cdr drdt \1—@2/Rdt\\J1-u2]2 )  J1-u?]32 | /1—uP]3 (1 — u2/2)32

2 1 u-a)”
2 4 a-a = “Za (1;;02)4 T (1 —u2/c?)4 [

1 1 s w\? 2 u? ) o

1 9 u?\? (u-a)? u?  u?
<1_u/>{ (1> g (2254 )

(b)  auat =—(«

|l —1 [a2+((u'a)2].

(1—u2/2)? 2 —u?)

(c) ntn = —c%, s0 (k) = oty + ntay, = 2atn, =0, so

(d) K# =925 = L (mpr) = mak. ’K“nﬂ = man, =0~‘
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Problem 12.40
K,K" = —(K°)? + K-K. From Eq. 12.69, K-K = u—’iﬁ From Eq. 12.70:

K0 — 1dE 1 d mc? B mce 1 (—1/c?) ol —
“Car e /71—1;2/02 dt \/l_uz/CQ - \/1—u2/02 2(1—u2/02)3/2 e (1 —u2/c?)2

m u?(u-a) m(u-a)
But Eq. 12.74: u-F = uF cosf = \/ﬁiz/& [(u-a) + 20— ug/cg)} = (1 —u2/c2)3/2’ 80:
50— uF cos 6 K KM — F? B u?F? cos® 0 _ 1 — (u®/c?) cos® § F2. qed
Siwje N T awd) T e —wd) | G- wf@)

Problem 12.41

= \/#72/02 [a—i— ;(UZZ] =¢(E+uxB)=a+ m = %\/1 —u?/c2(E + uxB).

.  (u-a Uz(u-a) _ u-a — g —u?2/c2a. u-(u :
Dot in u: ( )+02(1—u2/02)7(1—u2/c2)7m\/1 /c2[u-E + u-(uxB)];

=0
~ u(u-a) q u? u(u-E) q u? 1
ng l—c—2 3 .Soa:a 1—6—2(E+uXB—C—2u(u-E)). qed

Problem 12.42

One way to see it is to look back at the general formula for E (Eq. 10.36). For a uniform infinite plane of

charge, moving at constant velocity in the plane, J = 0 and p = 0, while p (or rather, o) is independent of ¢
(so retardation does nothing). Therefore the field is exactly the same as it would be for a plane at rest (except
that o itself is altered by Lorentz contraction).

A more elegant argument exploits the fact that E is a vector (whereas B is a pseudovector). This means that
any given component changes sign if the configuration is reflected in a plane perpendicular to that direction.
But in Fig. 12.35(b), if we reflect in the x y plane the configuration is unaltered, so the z component of E would
have to stay the same. Therefore it must in fact be zero. (By contrast, if you reflect in a plane perpendicular
to the y direction the charges trade places, so it is perfectly appropriate that the y component of E should

reverse its sign.)

Problem 12.43

(a) Field is 0¢/€g, and it points perpendicular to the positive plate, so:

g0 ~ . ~ o} ~ ~
Eo = —(cos45°%X +sin45°y) = —X+79).
0= ( ¥) \/560( ¥)
o o [24] ~ ~
(b) From Eq. 12.109, E, = E,, = e E, =+vEy, = VA So|E = Vae (=% +79).

(¢) From Prob. 12.10: tan6 = ~, so m

(d) Let & be a unit vector perpendicular to the plates in & — evidently
A 0% 5 _ 2
A= —sinfX+cosfy; |E| = \/%060 V1492
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274
T
So the angle ¢ between i and E is:
E-n 1 cosf
—— =cos¢p = ———(sinf + ycosf) = ——=(tanf + ) = cos 6
Bl V1472 V1472 1++2
_ _ sinf _ I—cos?0 _ 1 125 2 _ 1 _ 2y
But v =tanf = o st =V 1= 5 0=7"+1=cosl = T So |cos ¢ = (1 +72> .
Evidently the field is perpendicular to the plates in S.
Problem 12.44
)\ é )\ o 5( —+ Yo y
(a) E= - = o
2meg s 2mey (x5 +y3)
- A Yo = = A (ToX+ 79y
ny =Y5 7EZ:’YEZ:0aE: .
Y 2mep (23 + y3) 2meo (2% + y3)

A ZTo E =
y =

b Em =FE, = — ;
(b) 2meo (23 + y2)
Using the inverse Lorentz transformations (Eq. 12.19), o = v(x + vt), yo = v,
Al (z+vt)Xx+yy

2meq v [(z + vt)2 + 42 /2]

Ay +ut)X+qyy

E =
2meg [¥2(z + vt)2 + y?]
Now S = (z+vt) X+y ¥, and y = Ssin 6, so [(z+vt)?+y?/7?] = [(z+vt)?+y?(1-v2/c?] = S?—(v/c)2S? sin® § =

S2[1 — (v/c)?sin? 4], so
B A 1—(v/c)? S
| 27eq (1 — v2sin? 9/02) S’
This is reminiscent of Eq. 10.75. the field does point away from the present location of the wire.
Problem 12.45 y
. - . 1 N
(a) Fields of A at B: E = 47350 4%9; B = 0. So force on gp is | F = Tres q‘:lgB . —qB»—b
d
Y q v
A
qB (b) (i) From Eq. 12.67: |F = 7 quB 9. | (Note: here the particle is at rest in S.)
d drey d
T 3 o ae w1 oqal =0/ 1y qa,
v 144 (ii) From Eq. 12.93, with § = 90°: E = Ireq (1= 02/ c2)i/2 2= Tres &2
(this also follows from Eq. 12.109).
F= 4:60 q‘:lgB V| (as before).

B # 0, but since v = 0 in S, there is no magnetic force anyway, and
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Problem 12.46
System A: Use Eqs. 12.93 and 12.112, with § = 90°, R =dy, and ¢ = 2:
S ljw = 1 V5. Where 7:;
dmeq d?”’ dmeg 2 d? T—v2)2
[Note that (E? — B%c?) = (ﬁ)%ﬂ (1- %j) = (ﬁ)2 is invariant, since it doesn’t depend on v (see
Prob. 12.47b for the general proof). We’ll use this as a check.]
2 2 2 2
N a Vo VL. a7 V7 A
F=q(BE+ (—v%)xB) = ——1— L (5 — Z(xx S A Y
a(B + (-vx)xB) dmeq d? (¥ c? (%x2)) dmeq d? ( c? )9
. v+ 2v
System B: The speed of —qis wvp = ey = 0T 02
1 (1+2v2%/c?) (1+2v2%/c?) v?
B = e - 1 2 /.2 :72(1+72);UBWB:2’UW2'
\/1, v2/c \/1_2ﬁ+¢ (1 —v?/c?) ¢
(14v2/c2)2 c2 ct
qg 1 , 2, q 2v 72 R
=1 204+ %)y, B=--1 2075
47eq d27 ( + c? )y 4meq 2 d2z
2 02 | ot 2 2 2
[Check: (E? = B*¢*) = (5z852) 7' (14 % + & = &) = (m82) v'5r = (w8e) V]
P A2 v2
F=¢E=— —(1+ —)¥ (+q at rest = no magnetic force). [Check: Eq. 12.67 = Fy = L Fp. V]
4dreq d? c? 2
System C 0 ¢ 1o Boo Fogp---T 1
stem C: wve =0. =—— 3 =0. —gE=—-—1 _— .
4 © 4req d2 Y 4 4reg 2y

[The relative velocity of B and C is 2v/(1 + v?/c?), and corresponding v is v2(1 + v?/c?). So Eq. 12.67

Summary:
q - q 2 272\ % q -
_ _ 1 _
< 47reod2) R4 ( 47’1’60d2) v (L)Y ( 47T€0d2> Y
L S R S I 0
dmegd? ) c? Amepd? ) 2
q’ 2/ 2 ¢ 2 (1 2/ 2 ¢
_ 1 o _ o _ G
( 4dmeqd? U ( +v/e )y ( 47reod2) 7 ( +v/e )y ( 47T60d2> Y

Problem 12.47
(a) From Eq. 12.109:

v

= o = _ _ v
EB=E,B, + E,B, + E.B. = E, B, +7°(B, —vB.)(B, + 072Ez) +(E: +vBy)(B: — ?Ey)
5 v v? v v?
= BBy + (B, By + 5P F. —vB(B. — S B.B. + E.B. - SFE. +vp(B. - L E,B,)

2 02

= BB, +7° (EyBy(l - %)+ EB.(1- 2)) = E,B, + E,B, + E.B, = E-B. qed
C C
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_ _ v 2 v
(b) B2 = B = [E2 +92(B, — vB.)* 4 73(E. +vB, ] — B2 +72(B, + S E.)* ++2(B. - SE,)
= B2+ (E} = 2E/6B. +v*B? + E? + 2E/4B, + v’ B} — B - c22§2/ByEz
20?0 oo 25 U 20 o 2 p2
_cc—4E2—cBZ+02 B.E, —cchy)—cBm
2 2 2 2
2 2p2 2( 2 v 2 v 2/ P2 v 22 v
gz (- ) e B (- ) - e (i- ) - en(1- )
=(E;+ E; +E?)— *(B2 + B} + B) = E* — B’¢*. qed

(c) For if B = 0 in one system, then (E? — ¢?B?) is positive. Since it is invariant, it must be positive in
any system. . E # 0 in all systems.

Problem 12.48

(a) Making the appropriate modifications in Eq. 9.48 (and picking § = 0 for convenience),

E
E(z,y,2,t) = Epcos(kx —wt)y, Bl(zx,y,z,t) = = cos(kx — wt)z, where k= Y
c c

(b) Using Eq. 12.109 to transform the fields:

ijw
I

=0, FE,=v(E,—vB,)=E [cos(k‘x —wt) — Y cos(kx — wt)} = aFEj cos(kx — wt),
c

= (%
c2

v 1—v/e
h = (1—7): .
where |a =7~ p ”14—1}/0

Now the inverse Lorentz transformations (Eq. 12.19) = = = v(Z + vt) and ¢ = v <f+ %:E), SO
c

1 E
E,) =~E [ cos(kx — wt) — % cos(kx — wt)} = a=2 cos(kx — wt),
c c c

kx—wtzfy[k(f—i-vﬂ—w(f—&-%i‘)} 27{(/@‘—%)%—@—1{:1})5} =k — wt,

where, recalling that k = w/c): k=17 (k - w—;j) =~vk(l —v/c) = ak and @ = yw(1l —v/c) = aw.
c

_ _ - _ Iz -

E(z,7,%,1) = Eycos(kz — @l)§, B(Z,7,2,1) = = cos(kz — i) 2,
c

Conclusion: B B 1= v/

where FEg=aF), k=ak, w=aw, and «a=

1— - 2 2 A
(o) |w=w v/c. This is the | Doppler shift | for light. A = T2 _ 2 The velocity of the wave
1+v/c k. ak «

inSisv= %;\ = %)\ = this is exactly what I expected (the velocity of a light wave is the same

in any inertial system).
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s |1—=w/c
1+v/c

(d) Since the intensity goes like E2, the ratio is

~| o~
I
IS IIS]
I
Q
I

Dear Al,

The amplitude, frequency, and intensity of the light will all ’ decrease to zero | as you run faster
and faster. It’ll get so faint you won’t be able to see it, and so red-shifted even your night-vision
goggles won’t help. But it’ll still be going 3 x 108 m/s relative to you. Sorry about that.

Sincerely,

David

Problem 12.49
192 = AQAZ2tA7 = AJA30? + AQA3H12 = 4102 + (—B)t12 = (192 — pt12).
0 = AQALP = ABALIO ¢ QRIS = 5087 4 (A B)E1t = (1 — 91 = 4 (1% 4 i),
Fas = AZABPT = AZA3H2S = 23,
Fur = AL — ABAR + AJALE — (@) 4 89 = 589 — 519,
1o = AAZEN = AJASED? + ATAZH? = (—yB)t0% 4 4112 = (812 — Bt°2).
Problem 12.50
Suppose t"* = £t*” (+ for symmetric, — for antisymmetric).

A = AZA;\t’“’
P = A;\LAﬁt‘“’ = A{}AZt”“ [Because p and v are both summed from 0 — 3,
it doesn’t matter which we call ¢ and and which call v.]
= AZAf;(:l:t’“’) [Using symmetry of t*”, and writing the A’s in the other order.]
=+t ged

Problem 12.51
FM"E,, = F00 200 _ 01 01 _ pp02 (02 _ 03 7203 _ 10 10 _ 20 220 _ 30 30
L pUpH |y pl2pl2 | pI3pI3 | p2lp2l | p22p22 | 2323 | p3lpsl | pi2p32 | p33pss
= —(Ea/c)” = (By/c)* = (E:/c)* = (Ey/c)* — (By/e)® — (E./c)” + B + By + B2 + B} + By + B}

2
=28 - 282/ = |2(B? - E—Q)
C

which, apart from the constant factor —2/c2, is the invariant we found in Prob. 12.47(b).

G" G, = 2(E?/c® — B?)| (the same invariant).

F'LWG“V — —2(F01G01 4 FOZGO2 4 FOSGOS) 4 2(F12G12 4 F13G13 4 F23G23)

=2 (:’}EIBI + %EyBy + iEZBZ> +2[B,(—E./c) + (—=By)(Ey/c) + By(—E;/c)]

(E-B)=|-(®-B)

2 2
=_2(E-B -2
C( ) C
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which, apart from the factor —4/c, is the invariant we found of Prob. 12.47(a). [These are, incidentally, the
only fundamental invariants you can construct from E and B.]

Problem 12.52

1 22g VI 0 cO0 O 0 0v O

B maeX =X | _pod [—c00 v | || _pod [0 000

_ ho 2 _ o Avg T2z | 000 0 T omx | —v 00 —c
B= o=y =000y

4T x 27 x 0 v0 O 0 0c O

Problem 12.53

O, F* = poJ*. Differentiate: 0,0, F* = po0,J".

But 0,0, = 0,0, (the combination is symmetric) while F*#* = —F"" (antisymmetric).

20,0, F* = 0. [Why? Well, these indices are both summed from 0 — 3, so it doesn’t matter which we
call p, which v: 9,0, F* = 0,0, F"" = 0,,0,(—=F") = —0,0,F"". But if a quantity is equal to minus itself,
it must be zero.| Conclusion: 9, J" = 0. qed

Problem 12.54

We know that 9,G*¥ = 0 is equivalent to the two homogeneous Maxwell equations, V-B =0 and VXE =
—%—]t?'. All we have to show, then, is that O\F),, + 0, F,x + 0,F», = 0 is also equivalent to them. Now this
equation stands for 64 separate equations (u=0—3,v=0—3, A=0 — 3, and 4 x 4 x 4 = 64). But many
of them are redundant, or trivial.

Suppose two indices are the same (say, u = v). Then O\F),, + 0,F,» = 0,F\, = 0. But F,, = 0 and
F,» = —F),, so this is trivial: 0 = 0. To get anything significant, then, p, v, A must all be different. They
could beall spatial (u,v,\ =1,2,3 = x,y,z — or some permutation thereof), or one temporal and two spatial
(u=0,v,A=1,20r 2,3, or 1,3 — or some permutation). Let’s examine these two cases separately.

All spatial: say, p =1, v =2, A = 3 (other permutations yield the same equation, or minus it.)

0 0 0
O3F19 + 01 Fa3 + 0o F31 =0 = @(BZ) + %(Bm) + %(By) =0=V:B=0.

One temporal: say, p =0, v =1, A = 2 (other permutations of these indices yield same result, or minus it).

L0 B 0 0 B
52F01+30F12+31F3170:>a*y( 7)78(Ct)( Z)+8x(+ 0)70'

or: 7853; + (a;;f — 88%) = 0, which is the z-component of —Z8 = VxE. (If p = 0,v = 1,\ = 2, we get the

y component; for v = 2, A = 3 we get the z component.)
Conclusion: OzF, + 0,Fyx + 0,F\, = 0 is equivalent to V:B = 0 and %—1? = —VXE, and hence to
0,G* =0. qed

Problem 12.55
K% = gn,F% — q(m F°* + 0o F%% + n3F%) = ¢(n-E)/c = g*yu-E. Now from Eq. 12.70 we know that
c

K% = %%, where W is the energy of the particle. Since dr = %dt, we have:
1 dW q dW
_—Y— = — -E _— = .E
g = WE) = - =g(wE)

This says the power delivered to the particle is force (¢E) times velocity (u) — which is as it should be.
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Problem 12.56

5. D, 10, %8¢6t 060c 90y | 9602
oy cot otot  Ox ot Oy ot 0z ot
From Eq. 12.19, we have: %*7, 92 =y, W =22 = .
7__1 9¢ 99 : 0 N9 vOp 0 aral
So 8% = (8t+v<9 ) or (since ct =20 = mo).6¢—7(axo cax) v [(8°¢) — B(8'9)].
— 0 0p Ot 0p0dxr 0¢pdy 0P 0z vdp I¢ o v 0¢ 1 0
15— Y 4 opoy 090z _ U OP 99 _v99,y _ _
0= 5= 9t oni "m0z T oyar T0:05 = '@ ot T aw — " Bay camy) = (0'9) —6(O°9)].

__ 0p ¢t 0p0x 06dy 060z 06
2, Y9 _dJpOot 09Ul  OPOY 0P
=9 " atoy Toxoy Tayoy Tazo5 oy 0%

05 _0s0t 060z 0p0y 000z 06
3,_ Y99 e
= 9: " ooz Towo: Tayo: Te.0: 0. 0

Conclusion: 0" ¢ transforms in the same way as a* (Eq. 12.27)—and hence is a contravariant 4-vector. qed

Problem 12.57
According to Prob. 12.54, aG = 0 is equivalent to Eq. 12.130. Using Eq. 12.133, we find (in the notation
of Prob. 12.56):

oK, v 8Fl/)\ 3F,\
8.13;‘)‘ Oz + a,jtjlfu = a)\Fp,u + a/_tFu)\ + BUF)\#

= a)\(aﬂAu - ayAy,) + 3#(61,14)\ — a)\All) + au(a/\A“ o a#A)\)

= (aAa;LAu - aua)\Au) + (auayAA - 8uaHA>\) + (8V5>\A# _ 8)3%4#) —0. qed
[Note that d\OuA, = 924, PA__ 9 A, by equality of cross-derivatives.]

x> 0z  Dav Bac

Problem 12.58
From Egs. 12.40 and 12.42, n* = ~(c,v), while 2 * = (¢t — ctp,r — w(t,)) = (2,2 ), so "2 , =
—ve2 +yv-2 =—y(2c—2 -v).

_a nq e _ 1 ge 1
dwege (MP 2 ) Amepey(2 c— 2 -v)  Admegc (2 c— 2 -vV) ¢

(Eq. 10.46),
9 n __ 4 044 _ 1 qv
dwege (MP 2 ) Amegey(2 c— 2 -v)  dmegc (2 c— 2 V)

(Eq. 10.47), so (Eq. 12.132)

m
- LT
dmege (N2 1)

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
protected under all copyright laws as they currently exist. No portion of this material may be
reproduced, in any form or by any means, without permission in writing from the publisher.



280 CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY

Problem 12.59

|

Step 1: rotate from xy to XY, using Eq. 1.29: Yy

X =cosopzx+singpy
Y = —singx +cosoy ¢$

Step 2: Lorentz-transform from XY to XY, using b
Eq. 12.18: [

Y(X — vt) = vy[cos px + sin gy — Pet]
Y = —bln¢x+cos¢y
Z

N
I

ct = 'y(ct — BX) =v|ct — B(cos gz + sin ¢ )]
Step 3: Rotate from XY to Zy, using Eq. 1.29 with negative ¢:

cosp X —singY = v cos dlcos ¢ x + sin ¢y — Bet] — sin ¢[—sin ¢ = + cos ¢ y]
= (ycos? ¢ + sin® @)z + (y — 1) sin g cos gy — B cos ¢ (ct)
g=sing X +cosgpY = ysing(cospx +sin gy — Bet) + cos p(—sing ¢ + cos g y)
= (y—1)singcospz + (ysin® ¢ + cos® ¢)y — yfsin ¢ (ct)

ct v —v[ cos ¢ —vy[Bsin ¢ 0
—vBcosd (ycos® ¢ +sin?p) (y—1)singcosg 0
0
1

Kl
8

In matrix form: “ || —yBsine (y—1)singcosé (ysin® ¢ + cos? @)
0 0 0

NI
Nsd

I\

Problem 12.60
In center-of-momentum system, threshold occurs when incident en- T P
ergy is just sufficient to cover the rest energy of the resulting particles, O— <«—0O  before (CM)
with none “wasted” as kinetic energy. Thus, in lab system, we want

: : O after (CM)
the outgoing K and X to have the same velocity, at threshold: K

Oo— O oOo—
™ p K ¥

Before After
Initial momentum: p,; Initial energy of m: E? — p?c? = m2ct = E2 = m2ct + p2c?

Total initial energy: myc* = \/m2c* + p2c2. These are also the final energy and momentum: E? — p?c? =

(mx +myx)2ct.

(mpc +/m2ct +p2 02) = (mx +myx)*c*
m?,ka—i—Qmpcz\/chZ—i—p c—i—szA—i—p/yc —p/yc (mg +myg)>*

A

2m

P 2 2 2
——/m2c? +p2 = (mk +mg)” —m, —m;
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4m?
(m?c? +p72r)c—2p = (mg +mg)* — 2(mg +m2)(mg +ms)? + mf, +mi + me)mfr

4m?
Czppfr = (mx +mx)* = 2(m2 +m2)(mx +mx)* + (m2 —m2)?
C
Pr = gy s )= 200 + ) o+ ms)? + (o — )2

= m\/(m;{cz + mzc?)t = 2((mpc2)? + (mrc?)?) (mic? + msc?)? + ((mpc?)? — (7717r02)2)2

= m\/(wom4 —2((900)2 + (150)2)(1700)2 + ((900)2 — (150)2)°

= 1502 V/(8:35 x 1012) — (4.81 x 1012) + (0.62 x 10™2) = 1555-(2.04 x 10°) =| 1133 MeV /c

Problem 12.61

Y
_ p p (p = magnitude of 3-momentum
In CM: v in CM, ¢ = CM scattering angle)
Before
After
Outgoing 4-momentua: r* = (%,pcos ¢, psin ¢,O); st = (%, —pcos ¢, —psin ¢, O).
FH

In Lab: o— O 0 Problem: calculate 0, in terms of p, ¢.

Before gh

Lorentz transformation: 7, = v(ry — Br°); 7y = 1y; 52 = Y(sz — 85°); 5, = sy.
Now E = ymc?; p = —ymv (v here is to the left; E? — p?c® = m?c*, so = — L.

ST =7 (pcos¢+ %%) =vp(1 + cos ¢); Ty = psind; 5, = yp(1 — cos ¢); 5, = —psin ¢.

2]}

cosf = s _ 72p?(1 — cos?® ¢) — p?sin® ¢
75 \/[’72]92(1 T cos §)? + psin’ §] [12p2(L — cos )2 + p? sin® 6]
(v? —1)sin?® ¢
\/[72(1 + cos§)? + sin? ] [12(1 — cos ¢)? + sin? g]
(v*-1) B (12— 1)

N I I (L A
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cosf = d (where w=+2—1)
\/(1 + cot? % + wcot? %)(1 + tan? % + wtan? %)
B w B wsin%cos%
\/(csc2 % + wcot? %) (sec2 % + wtan? %) \/(1 + w cos? g) (1 + wsin? ¢)
_ 3w sin ¢ _ sin ¢
V(1 +wh(1+c036)) (1 + (1 - cos9)) ﬂ(g +1) +cosg] [(2+41) — cosg]
i 1 4 4
= sm;i) = sin ¢ = —, where 72 = — +—
R+ oo (Lo 1+ () W
sinf = 5. 722%(1+w):ﬁ72, sotan@zw_zl%.
X ) 9202 7/sin ¢
: 2 _ 2 _ 20 _
OL smce (’}/ —1)—’}/ (1—7*2) =7 ) tan@—m

Problem 12.62

dp __ . dp dt dt __ 1 o mu

*—K(aconbtant)iag K. Butﬁ—\/l 2/2,])—\/1 2/2.
u?/c —u?/c

dr
A uw ) K —u2/c2
'd(m)_m‘/l u?/c2. Multiply by 4
dt d( u ) d ( u > K\/1—u?/c? Let u
= — . W = —F—— .
— NI

dz dt V1—u?/c? T dx V1—u?/c?
dw K1  dw 1d , k d(w?) 2K 5 2K
T omet Y cmY Tt Tar o = dwt) = (de).

Lw? = %ax—i— constant. But at t =0, x =0 and « = 0 (so w = 0), and hence the constant is 0.

, 2K u2 , 2Kz 2Kz , 2(H_ngg) 2Kz
w'=—r=—-—; U =—— uty U =—
m 1—u?/c?’ m  mce mc? m
2Kx/m C2 dx c mCQ
2
L+ 5 1+ (QK-?C) dt L+ (;nlgjc) 2

)

2 2
ct = /\/m 2ydy = Z/Wdy S [y\/m+a2 In(y + \/m)} + constant.
Y

Att=0,2=0=y=0...0=a?Ina+ constant, so constant = —a’Ina.

ot =y\/y? +a? = a2In(y/a+ /(y/a)? + 1) :a2[(2) \/ (%)2 —l—l-l—ln(z + (%)2 +1>]

QKt
Let: 2 =¥ = \/z,/25 = /2K% — 5 Then 2V 1422 +1In(z + V1 + 22).

Let g’;; = a?; ct:fi””\/';“gdx. Let x = y?; do = 2y dy; /x = y.
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Problem 12.63 y

(a) z(t) = < [ 14 (at)? — 1], where o = £ The force of +¢ on d/Q’ """"""" TJF """"""""

—g will be the mirror image of the force of —¢ on +¢ (in the z-axis),
so the net force is in the x direction (the net magnetic force is zero).

So all we need is the z-component of E. —dj2} o
The field at +¢ due to —q is: (Eq. 10.72)
_ a2 .
B = ot s W€~ ) Fulr ) —a(e )]

u=cxe fvéum:c,%fv:,%(clfv@ ;2 u=c2 —2-v=(c2 —Iv); 2 -a=la. So:

q 2z [
dmeg (c2 —vl)3

E,=— ! (cl —v2 )(c* —v?) = ! (Cl—Uﬁ/)la_a(C’L —/M))]

ca(l> — 2 ?) = —cad®/ 2

v\r‘H

q 1
_4ﬂeom[(0l —v2 )(c? = v?) = cad?].

The force on +q is q¢F,, and there is an equal force on —¢, so the net force on the dipole is:

2¢> 1
dmeg (e2 — )3

It remains to determine %2 , [,

F=- v, and a, and plug these in.

[(cl —v2 )(? —v?) — cad®]%

dx cl cat cat,
o(t) = — = = a’t= ——--o ; v=20(t,) = ——, where T = /1 + (at,)2.
=5=25 T — T v =) =G VI+(at,)

dv  co 1\ 2a%t,  ca 9 ca
a(t,) = & =T + coty (—2> 5 = T3 (14 (at,)? = (aty)?) = =3
Now calculate ¢,: >(t —t,)2 =2 2 =12+ d* I =z(t) —z(t,) = £ [/1+ (at)? — /1 + (at,)?], s

,t/2—2tt F = L[4 (o) +1+ a¢/52—2\/1+ atQ\/1+ at,)?] + (d/c)?
\/1+ at) \/1 (at,)? =1+ a?tt, + % ( ) Square both sides:

1 d\ 4 d\ 2 d\ 2
T (o) + (at,)? + o282 =1 + o2 + = (20 1202, + (24 4 a2, (22
Z 2 2 4 % /1/ 4 2 22 2
4\ ¢ c c
2 2 4
124 12— 24t, — tt, (O‘d) 7(§> 70‘7@) ~0
c c 4 \c

At this point we could solve for ¢, (in terms of ¢), but since v and a are already expressed in terms of ¢,, it is
simpler to solve for ¢ (in terms of ¢,.), and express everything in terms of ¢,:

2

2t {2+ (O;dﬂ + [tQ (d)2 B i(dﬂ — 0=
e i R R C AT CRCY
—1, [1 + ;(O‘C‘i])ﬂ + \/[1 + (aty)?] (%)2 [1 + (C;f)}
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Which sign? For small aw we want ¢ = t,. + d/c, so we need the + sign:

1 2 2
t=t, 1+7<@) + 27D, where D = 1+(1d)
2\ ¢ c 2c

Soz =c(t—t,)=>2 =% ("‘7) + dTD. Now go back to Eq. (%) and solve for /1 + (at)?:

(sl
{L—j[ ()1 szD}z[H;(ad)?]ﬂatrdD

Cc c

- 2[\/1 +(af2) — /T + (atr)Z] = ;{ P/-‘r ;(O‘CCZ)Q]TJr O‘Qz"dD —/T}

1+ (at)? =

*ﬂ\h‘ ﬂ\

ad(%T + tTD)

Putting all this in, the numerator in square brackets in F becomes:

1= {ead(r+1,0) - S [De(20) L grp] 2 - O] o

¢ T2 T
=cad[%T+t/D —W—tﬂ?]i[lﬂ%ﬁ—(%ﬂ —C%dz
S = o] = G [ o0~ o] -

Fe T Cod” o

3 It remains to compute the denominator:
dmeg (2 —)T]

ct, rad\? cat,
(c2 —l’U)T—{C[2( c) —|—dTD}—ad< T+tD) T }T
L o/n 2/ n  cdat,)? 2 2
= [5o2#a? + caTD - Yo - L DT = cdn] T2 = (at,)* | = deD
2 2 T ———
14+(a#)? = (a#)?
¢ AEdPa q° « F

- 47eq BBED3T T 47eq cd[l + (%)2]3/2)( (a - %)

Energy must come from the “reservoir” of energy stored in the electromagnetic fields.
1 ¢ ad 213/2 7 toq?
b) F=me = = [ (5] = (S
(b) mea %47%0 cd[l + (l] )3/2 + 2c 87reom02d 8mmd
2

(force on one end only)

2 1oq? )2/3 2mc? pogq? \2/3
R e
d (87rmd 50 d 8mmd
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Problem 12.64
(a) A* = (V/e, Ay, Ay, As) is a 4-vector (like z# = (ct,z,y,2)), so (using Eq. 12.19): V = y(V + vA,). But

V =0, and
A, = Fo (mXT),
4w 73

Now (mXT), = myZ — m,§ = myz —m,y. So

o (myz —m.y)
V =yl el
7U4ﬂ

73
Now z = y(z —vt) =YR;, y =y = Ry, Z = z = R, where R is the vector (in §) from the (instantaneous)
location of the dipole to the point of observation. Thus

2
7 =~’R; + R} + R =+*(R. + R, + R?) + (1 —v*)(R} + R?) = v*(R2 — %RQ sin® 0)

(where 6 is the angle between R and the z-axis, so that R} + R = R? sin? 0).

v Mo vy(myR, —m.Ry)

o ; vo(mXxR) = v(mxR), = v(myR, —m,R,), so0
m V3R3(1 — ;’—; sin? 9)3/2 ! !

_ Mo v-(mxR)(1 - Z—j
dm R3(1 - Z—j sin? 9)3

)
/2’

1 f{-(VXm)(l — %)

C

~ dme c2R? (1 — Z—; sin® 9) 3/2

or, using pp = — and v-(mxR) = R-(vxXm): V

€oc?

(b) In the nonrelativistic limit (v? < ¢2):

1 R-(vxm) 1 Rp . vXm
— = s Wlth pP= 5
dmeg  Cc2R2 dmeqg R2 c?

which is the potential of an electric dipole.
Problem 12.65
(a) B= -8 Ky (Eq. 5.58); N =mxB (Eq. 6.1), so N = -2mK(zxy).

N = %mlﬁz — 19 (\i2)(00)% = H2 A0 2R,
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v
Charge density in the front side: Ao (A = vAo);
Charge density on the back side: A = \g, where v = %7
_ 1 (1+02/c?) 1+0v2%/c? (1+02/c?) 5 1+v2
S0y = — = = == ( 72)
e e Y T ¢

Length of front and back sides in this frame: /5. So net charge on back side is:

) 2\ A1 2
q+:)\7:72(1+%)—7: (1—}—%))\1
Y Il c

Net charge on front side is:

So dipole moment (note: charges on sides are equal):

l l v? l 1.1 A2 v? v? A2 02
= ()25 — (¢2) =9 = | (1 —)Alff—)\lf“:—(l v f)*: y.
P=(4+)59 — (¢-)5¥ {( + 3 )N 2 Q}y s It —1+3)y 27
)\ZQ 2 1
E = 2%2, where 0 = y0g, so N = pXxE = sz 2:07 (yx2) = ;%)\01202)@

So apart from the relativistic factor of v the torque is the same in both systems — but in S it is the torque
exerted by a magnetic field on a magnetic dipole, whereas in S it is the torque exerted by an electric field on
an electric dipole.

Problem 12.66

Choose axes so that E points in the z direction and B in the yz plane: E = (0,0, E); B = (0, B cos ¢, Bsin ¢).

Go to a frame moving at speed v in the z direction:

E = (0,—yvBsin¢,v(E + vBcos ¢)); B(0,v(Bcos¢ + %E), vBsin ¢).

. —~yvBsin ¢ Y(E + vBcos ¢)
I used Eq. 12.109.) Parallel ded =
(I used Eq ) Parallel provide F(Beoso+ 5E) “Bsng or

2
—vB?%sin? ¢ = (B cos ¢ + %E) (E +vBcos¢) = EBcos ¢ + vB? cos® ¢ + %EQ + %EB cos ¢
c c ¢

v v? v EBcoso
=vB*+ —-FE*+EB (1 7). -
0=vB"+ 2 + coso| 1+ 2) 110/ B 1 B2/

X ¥y Z
A% ExB
Now ExB=| 0 0 E |=—-FEBcos¢. So 575 = T3 575 ded
0 Bcos¢ Bsing 1+v2/e B? + E?/c

there can be no frame in which E L B, for (E-B) is invariant, and since it is not zero in S it can’t be

zero in S.
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Problem 12.67

Just before:

Field lines emanate
from present position
of particle.

/QN ‘
Just after: Field lines outside sphere of radius ¢t emanate from
position particle would have reached, had it kept going on its
E Ct
I AN
E

Fq v

original “flight plan”. Inside the sphere £ = 0. On the sur-
face the lines connect up (since they cannot simply terminate
in empty space), as suggested in the figure.

This produces a dense cluster of tangentially-directed field
lines, which expand with the spherical shell. This is a pic-
torial way of understanding the generation of electromagnetic
radiation.

Problem 12.68

Equation 12.67 assumes the particle is (instantaneously) at rest in S. Here the particle is at rest in S. So
F, = %FL, F| = Fj. Using F = ¢E, then,

Fx:Fw:qu Fy:
Invoking Eq. 12.109:
1 1
F, = qE:m Fy = ;Q'Y(Ey - UBZ) = q(Ey - UBz) F, = ;QV<EZ + UBy) = Q(Ez + UB,I/)'

But vxB=-vB,%+vByz so F=¢E+vxB). qed
Problem 12.69

Rewrite Eq. 12.109 with z — y, y — 2, 2z — a:

E, E.=~(E.—vBy;) e =V(E; +vB;)
B, B.=4(B.+ 5E)  B.=+(B.— SE.)

This gives the fields in system S moving in the y direction at speed v.
Now E = (0,0, Ey); B = (By,0,0), so E, =0, E, = vy(Ey — vBy), E, = 0.

If we want E = 0, we must pick v so that Ey — vBy = 0; i.e.

(The condition Ey/By < ¢ guarantees that there is no problem getting to such a system.)

Ey

8]
<

Il
[so]}
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~

With this, B, = 0, B, = 0, B, = v(By — %Ey) = vBo(1 — %) =By = 1By;| B = ;Bofc.

1

The trajectory in S: Since the particle started out at rest at the origin
in S, it started out with velocity —vy in S. According to Eq. 12.71
it will move in a circle of radius R, given by

1
p=¢qBR, or ymv = q(;Bo)R =|R=

The actual trajectory is given by ’ z=0; y=—Rsinwt; z = R(1 — coswt); ‘ where |w

The trajectory in S: The Lorentz transformations Eqgs. 12.18 and 12.19, for the case of relative motion in

the y-direction, read:

=2 =2

§ ="y —vt) y =~y + vt)
zZ=2z z2=2Z

_ v — v _
t=2(t-gv)  t=(1+50)

So the trajectory in S is given by:
.- . v v
x = 0;y =y(—Rsinwt + vt) = ’y{—Rsm{wv(t — —Qy)} + Uv(t — 2y)}, or
c c
2
y(l + ’yz%) = y%ut — yRsin {wy(t — %y)}
c c
~—_———

2 2
Yy(l-25+25)="2y

z=R(1 —cos?wl) = R[l - cosary(tf %y)}

So: |x=0; y=nvt— %sin[wv(t— :—Zyﬂ, z:R—RCOS{w’y(t—:—Z)}.

We can get rid of the trigonometric terms by the usual trick:

(y —vt) = —=Rsin |wy(t — Zy) —
ZER = —Rcos [w’Y[(t’y— c%y)]y ] } - ’72(y—vt)2 +(2— R)”=R%

Absent the 42, this would be the cycloid we found back in Ch. 5 (Eq. 5.9). The 72 makes it, as it were, an

elliptical cycloid — same picture as Fig. 5.7, but with the horizontal axis stretched out.

}(?J —vt)y = —Rsin [wy(t — C%y)]7

Problem 12.70
(a) D= ¢E+P suggests E— LD
H= ﬁB — M suggests B — poH

E - 1D =¢D,B — H. Then: 0 ¢Dy cDy cD.
Ho<o pw ) —¢Dx 0 H. —H,
Y-, -H. 0 H,

—¢D. H, —H, 0
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Then (following the derivation in Sect. 12.3.4):

0

ov __ _ — 70
@D —CV'D—C/)]“—<]]¢‘7

O puw_19 _ g
&r”D _cat( ¢D,) + (VxH), = (Jf)z ; so

where | J Jﬁb = (cpy,Js). | Meanwhile, the homogeneous Maxwell equations (V-B =0, E= _W) are unchanged,
oGH

and hence =
oxv
(b) 0 H, H, H,
g -H, 0 —cD, cD,

) -H, cD, 0 —cD,
-H, —cD, cD, 0

(c) If the material is at rest, 1, = (—¢,0,0,0), and the sum over v collapses to a single term:

E
DHony = ?eFHOny = DM = M0 = —cD = —c*¢— = D = ¢E (Eq. 4.32), v
c

1 1 1 1
HMp = ;G“"no = H* = ;G““ = -H= f;B =H= ;B (Eq. 6.31). v

(d) In general, n, = y(—c,u), so, for p = 0:

D%ny, = D+ D%ny + D13 = eDy(yuz) + eDy(yuy) + eD:(yuz) = v¢(D - ),
, E, E E, 2
F%n, = Flny + F%ny 4+ F%n3 = ?(7%) + %(’Y“y) + ?(’Wz) = E(E ‘u), so
D%, = ZeF%n, = y¢(D -u) = 2 (1) (E-u)=D -u=¢E-u). [1]
c

H%n, = H%%y + H%ny + H®n3 = Hy(yue) + Hy(yuy) + Ho(yu,) = y(H - ),
Gouny = G01771 + G02772 + GognS = Bw (VUa;) + By(’yuy) + Bz (WUz) = 7<B : u>7 50

1 1 1
H%n, = pa%y =y(H-u) = m(B ‘u)=>H-u= ;(B ). 2]

Similarly, for u = 1:

D"n, = D"y + D"%ny + D¥n3 = (—cDy)(—ve) + H.(yuy) + (—Hy)(yuz) = ¥(* Dy + uyH, — u.Hy)

—E,
Flynu — F10770 + F127]2 + F13773 — T(fﬂyc) —+ Bz(")/uy) —+ (—By)(’}/uz) = ’)/(Ez + Usz - usz)
=~[E+ (uxB)],, so DY, =c*F"n, =

1
v [¢*D + (u x H)| =c’ey[E+ (uxB)], =D+ S (ux H) =¢[E+ (uxB)]. [3]
. C
HYny = H%o + HPny + HPnz = (—Hy ) (—v¢) + (—eDy)(yuy) + (eDy) (yus.)
= vyc¢(Hy —uyD, +u.Dy) =vc[H - (ux D)]_,
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E, E
G, = G+ G+ G = (<B)(20)+ (=) () + (22 (o)

1
= %(CQBI—uyEZ—l-quy): % [CQB—(uxEﬂr7 SO Hl”n,,:;Gl"nyé
17, 1 1
yeH—-(uxD)], ==-=[¢B-(uxE)] = H-(uxD)=-— B- 5(uxE)|. [4]
[e @ [ c

Use Eq. [4] as an expression for H, plug this into Eq. [3], and solve for D:

D+(}2ux{(uxD)+i[BCg(uxE)]}—e[EJr(uxB)];

D+l2[(u-D)u—u2D] :e[E+(u><B)}—i(u><B)+

c [ic2 et [ux (uxE)].

Using Eq. [1] to rewrite (u- D):

u? € 1 1
D<1—02):—cz(E-u)u+e[E+(uxB)]—'uc2(u><B)+MC4[(E-u)u—uQE]
u? 1 1 1
= 1-—E-—=|1-— ]| (E- B)|1- .
EH 6#04} 02[ GMCJ( W+ (ux ){ euc2]}
Let -1 v=L Then
= T a

D:y%{(1—“ZZQ>E+(1—zz> {(uxB)—clz(E~u)u}}.

Now use Eq. [3] as an expression for D, plug this into Eq. [4], and solve for H:

Hux{Clz(uxH)Jre[EqL(uxB)]}_i{B;(uxE)};
H—|—Cl2[(u-H)u—u2H] :% [B—;(uxE)} +e(ux E) +efux (uxB).

Using Eq. [2] to rewrite (u - H):

u2
H(l‘a)

1

Il
|
|
w
£
[=]
4

{B - Ciz(u X E)] +e(ux E)+e[(B-u)u—u’B]|

;{[ — peu®] B + {e —012} [(uxE)+(B~u)u}}-
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Problem 12.71

We know that (proper) power transforms as the zeroth component of a 4-vector K* = 14¥ The Larmor

formula says that for v = 0, ¢ dT = 47360 3 03 a? (Eq. 11.70). Can we think of a 4-vector whose zeroth component

reduces to this when the velocity is zero?
Well, a? smells like (a”c,,), but how do we get a 4-vector in here? How about n#, whose zeroth component

is just ¢, when v = 07 Try, then:

1 2¢?

Kh—_— 24
47eg 3 P

(O//O‘V)nu
This has the right transformation properties, but we must check that it does reduce to the Larmor formula
when v = 0:

dw _ 1dw 1 1 pog? dW  pog®

—_— = = Z¢cK" = but ¥ = — =

dt v dr 'yc 7067r 7(a” )i, but 1)’ = e, so dt 6me
us that the power itself (as opposed to proper power) is a scalar. If this had been obvious from the start, we
could simply have looked for a Lorentz scalar that generalizes the Larmor formula.]

In Prob. 12.39(b) we calculated (o, ) in terms of ordinary velocity and acceleration:

(o) | [Incidentally, this tells

(v-a)?

(¢ —v?)

2

=7 [a2 (1 - 16%) + C%(v-a)ﬂ = 76{a2 - C%[UQaQ — (v-a)?] }

Now v-a = vacosf, where 6 is the angle between v and a, so:

1
o’ a, [a + ] =45 [a2772 + g(v-a)ﬂ

v?a?® — (vea)? = v2a®(1 — cos? §) = v?a’sin® § = |vxal?.

vXa|?
oz”ozyzfyﬁ<a2— ‘—‘ )
c

AW poq® 6/ o )vxa)2
dt 6mc (a c )

, | which is Liénard’s formula (Eq. 11.73).

Problem 12.72
(a) It’s inconsistent with the constraint 7, K* = 0 (Prob. 12.39(d)).

(b) We want to find a 4-vector b* with the property that ( —|—b“)77# =0. How about b = /ﬁ(d“ nu)n/” Then

(?—Fb”)nu = ?nu—i—/ﬁ?ny(n nu). But ntn, = —c%, so thlb becomes ( = 77”) —CQH( o ny), which is zero,

dat 1 da”
if we pick xk = 1/c?. This suggests | K* 7,uoq ( )

we p / S SUES wd = oo \gr 2 qr M
components of b* vanish in the nonrelativistic limit v << ¢, and hence this still reduces to the Abraham-Lorentz
formula. [Incidentally, o” 717,, =0= & (a m)=0= 4 ey +at dn” =0, so dd%nl, = —a”a,, and hence b* can
just as well be written —— (a” oz,,)n“ ]

Problem 12.73
Define the electric current 4-vector as before: J# = (cpe,Je), and the magnetic current analogously:
JE = (cpm,Im). The fundamental laws are then

Note that n* = (¢, v)~, so the spatial

O™ = oty 0,60 =Eogh K= (g + TGy,
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The first of these reproduces V:E = (1/¢p)pe and VXB = poJ. + poegdE/0t, just as before; the second
yields V-B = (puo/¢)(cpm) = popm and —(1/¢)[0B/0t + VXE] = (uo/c)Ipm, or VXE = —ppd,, — 0B/t
(generalizing Sec. 12.3.4). These are Maxwell’s equations with magnetic charge (Eq. 7.44). The third says

W = o BBl 2| B s () - s (2
K = %W{qe[E—k(uxB)]—i—qm [B—;(uxE)]}, or

P (B4 (ux B+ [B- SwxB).

which is the generalized Lorentz force law (Eq. 7.69).
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